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ABSTRACT: There has been extensive work on the equilibrium shape of
isolated nanoparticles with internal boundaries and also single crystals on
substrates. Surprisingly, almost shockingly, there has been very little work on
the equilibrium shape of particles with internal boundaries on substrates. Here,
the general solution is given for the configuration of particles containing twin
and other grain boundaries on a flat substrate, which can be applied to any
polycrystalline or multiphase nanoparticle configuration. The solution is based
upon combining the established modified Wulff construction that has been
extensively validated for twinned particles with the Winterbottom construction
for single particles on a substrate. The solution is illustrated for the specific case
of five-fold multiply twinned particles (MTPs). Good agreement is observed
between both existing experimental data in the literature as well as some
experimental data included within this work.

■ INTRODUCTION

Nanoparticles have seen a significant amount of research
interest in the 21st century. They can be engineered with
specific compositions1−3 and shapes4−6 and have applications
in many areas such as catalysis7−11 and medicine.12−16

Controlling the shape and morphology of nanoparticles is
particularly interesting, as it allows for a significant degree of
optimization for specific uses, such as reactions that only occur
on specific crystal facets.17,18 This is only achievable with a
thorough understanding of these systems and their thermody-
namics.
Nanoparticles can be single crystalline, Janus-type,19,20

core−shell,21 polycrystalline, or multiply twinned particles
(MTPs).22 The thermodynamics and competing energetics
that define the different types have been well studied for
freestanding nanoparticles,22−26 but a significant portion of
nanoparticle applications require stabilization, where the
nanoparticle is supported on a substrate.2,3,7,8,13,14,27 The
thermodynamic description of supported single crystals is the
Winterbottom construction, which is an extension of the
thermodynamic Wulff construction.28−32 However, the Win-
terbottom construction is limited to single-crystal particles.28

Here we expand the Winterbottom construction to include
multiple crystallographic units in the supported particle and
use an anisotropic 5-fold MTP as a test case to illustrate this
expanded model, as well as presenting experimental examples.

■ METHODS

For the experimental data, oxide substrates were synthesized
using a hydro-sauna method for producing faceted, rare-earth
scandate nanoparticles.33,34 Au nanoparticles were prepared on
these substrates using a deposition precipitation reaction, as

described by Zanella et al.35 Transmission electron microscopy
(TEM) was performed using a JEOL ARM300F operated at
300 kV located at the NUANCE center at Northwestern
University and on the Argonne Chromatic Aberration-
corrected TEM (ACAT) operated at 200 kV at the Center
for Nanoscale Materials in Argonne National Lab.

■ RESULTS AND DISCUSSION
Supported MTPs of Au were observed, as shown in Figure 1,
and more examples from both this material system and from
other literature sources can be found in the Supporting
Information. The majority of the Au nanoparticles are
observed to be twinned at small sizes and single crystalline
at larger sizes (see Figure S1), which is consistent with
thermodynamic predictions for MTP energetics.22,26

As previously demonstrated by Marks24−26 in what he called
a “Modified Wulff construction”, the underlying process of
solving for the thermodynamic shape is very similar for MTPs
and single crystals. Assuming that the particle is symmetric, for
a freestanding MTP where the surface free energy as a function
of the crystallographic normal direction n̂ is γs (n̂), one would
first plot this in three dimensions, generate a plane normal to
the radii at each point, and finally use the inner envelope shape
generated as the Wulff construction.30−32 To account for the
twin boundaries, an internal interfacial term γI (n̂) is included

Received: August 10, 2020
Revised: October 26, 2020
Published: December 9, 2020

Articlepubs.acs.org/JPCC

© 2020 American Chemical Society
28038

https://dx.doi.org/10.1021/acs.jpcc.0c07316
J. Phys. Chem. C 2020, 124, 28038−28043

D
ow

nl
oa

de
d 

vi
a 

N
O

R
T

H
W

E
ST

E
R

N
 U

N
IV

 o
n 

Ja
nu

ar
y 

22
, 2

02
1 

at
 2

1:
55

:2
4 

(U
T

C
).

Se
e 

ht
tp

s:
//p

ub
s.

ac
s.

or
g/

sh
ar

in
gg

ui
de

lin
es

 f
or

 o
pt

io
ns

 o
n 

ho
w

 to
 le

gi
tim

at
el

y 
sh

ar
e 

pu
bl

is
he

d 
ar

tic
le

s.

https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Zachary+R.+Mansley"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Laurence+D.+Marks"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/showCitFormats?doi=10.1021/acs.jpcc.0c07316&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcc.0c07316?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcc.0c07316?goto=articleMetrics&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcc.0c07316?goto=recommendations&?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcc.0c07316?goto=supporting-info&ref=pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpcc.0c07316/suppl_file/jp0c07316_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpcc.0c07316/suppl_file/jp0c07316_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpcc.0c07316/suppl_file/jp0c07316_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpcc.0c07316?fig=abs1&ref=pdf
https://pubs.acs.org/toc/jpccck/124/51?ref=pdf
https://pubs.acs.org/toc/jpccck/124/51?ref=pdf
https://pubs.acs.org/toc/jpccck/124/51?ref=pdf
https://pubs.acs.org/toc/jpccck/124/51?ref=pdf
pubs.acs.org/JPCC?ref=pdf
https://pubs.acs.org?ref=pdf
https://pubs.acs.org?ref=pdf
https://dx.doi.org/10.1021/acs.jpcc.0c07316?ref=pdf
https://pubs.acs.org/JPCC?ref=pdf
https://pubs.acs.org/JPCC?ref=pdf


along with appropriate symmetry-defined constraints on the
twin geometries.24−26 This is shown schematically in segment I
in Figure 2.
Now we add a substrate to a symmetric, freestanding

nanoparticle, assume that the support interface is flat (a
necessary assumption), and specify the relative orientation of
the nanoparticle and substrate. (In general, there is an
additional degree of freedom associated with rotation of the
nanoparticle.) The substrate introduces an additional effective
interface energy γeff for the different segments of an MTP.
While each crystallite has its own local orientation, the (flat)
substrate interface is global, so it impacts each segment
differently as described by Figure 2. Oriented as shown, the 5
crystallite components of the MTP now fall into 3 unique
shapes. In the case of segment I, γeff is outside of the minimum
energy Wulff shape leaving the crystallite unchanged, but for II
and III, it creates a new interface.
We define the effective interface term, γeff, such that it will

vary with height (h) as the relative areal contributions of each
crystallite change

∑γ γ= ̂h n f h( ) ( ) ( )
i

i ieff
(1)

where γi is the local interfacial energy between segment i and
the support and f i is the fraction of the total interfacial area
(Aint) of each segment such that Aint f i = Ai, the areal
contribution of each independent crystallite i. A sufficient
condition for a local minimum is the minimization of surface
energies, which can be expressed as22,36,37

λγ= · ̂ ≤ ̂S x x n n: ( ) (2)

where S represents the set of points that make up the shape of
the particle and encompasses all points in a given normal
direction that are less than the product of the surface energy in
that direction and a volumetric constant λ. This deviates from
the modified Wulff construction as, in the direction of the
interface, γ(n̂) = γeff. This substitution is justified in Appendix I
and II of the Supporting Information. Note that this is only a
sufficient condition; as we will see, there can be other local
minima as the problem is not analytically continuous.
To analyze the energies further, it is useful to introduce a

dimensionless parameter to represent the excess surface energy
independent of volume (ϵw)

24−26

∫
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(3)

Figure 1. Experimental TEM image of 5-fold Au MTPs supported on faceted LnScO3 nanoparticles
33,34 containing re-entrant surfaces with the

shape overlaid in (a) for clarity. The inverted orientation is shown in (b). The scale bar is 2 nm.

Figure 2. Winterbottom construction for an MTP. Segment I shows the generation of the crystallite segment for a 5-fold MTP along the [110]
view direction. Here, the twin boundary energy is 0 so the twin facets pass through the Wulff center. Adding the interfacial energy in the direction
of the interface relative to each particle segment yields the supported particle.
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where V is the total volume of the particle and γ111 is the
surface energy of the (111) face (this has a number of useful
properties and is briefly discussed further in Appendix II.) The
general form includes the twin boundary energies, but these
are small compared to surface energies in most fcc metals, so a
good approximation is to neglect the twin boundary energy.24

In principle, the strain in the particles from both the misfit with
the substrate and the angular deficit in MTPs should be
included in the surface and interface energy terms, as discussed

previously.22,26 Specific calculations indicate that the effect is
generally small.38,39 It should also be noted that the misfit
strain with the substrate will be dependent on the material
system of choice and the interaction of this misfit with the
angular deficit for various systems is of interest for future study.
Using these terms, a modified Winterbottom construction

for MTPs can be generated using the following steps:

(1) Evaluate γeff (h) and find intersections where γeff (h) = h
or the distance from the Wulff center. As described in

Figure 3. Contributions of each crystallite to the total interfacial area are shown in (a) using the notation and segment numbering from Figure 2.
The plot in (b) shows the effective interfacial energy against height, where the intersections represent low-energy solutions for the MTP. Both h
and −h are plotted to represent the two possible inverted orientations of the nanoparticle with the defined interface. Moving from single crystals to
polycrystals removes inversion symmetry (if it was present) and both orientations must be assessed.

Figure 4. Energy calculations for inverted orientations of the same particle are shown in (a) and (b), with their minimum values indicated in red;
these can be compared to the experimental images in Figure 1. There is an energetic local minimum in (b) indicated with a triangle. Note the sign
of the x axis in (b).

Figure 5. ϵw Plots for different 5-fold MTP geometries. (a) and (b) show an isotropic particle where γ(n̂) = 1 and the interfacial energies of

segments I, II, and III have been set to 0.1, 0.2, and 0.3, respectively. In (c) and (d), we set γ γ=100
3

2 111, the energy ratio at which the re-entrant

surfaces disappear from the MTP edges. The interfacial energies are set to 0.3, 0.4, and 0.5 times γ100 (now the lowest-energy external face) for
segments I, II, and III, respectively. Absolute minima are indicated in red, and the triangle indicates a local minima.
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Appendix I, this represents the minimum energy Wulff
condition.

(2) Calculate ϵw to find the lowest-energy orientation and
any other local minima.

We will now apply this model to a theoretical 5-fold MTP
with an interface oriented as shown in Figure 2, and discuss the
results. As a simplified model, we will assume a strongly
faceting fcc metal nanoparticle with {111}- and {100}-type
faces, a twin boundary energy of zero, and a broken bond
approach to the surface such that γ γ=100

2
3 111. While these

terms are chosen for simplicity and convenience of
explanation, this framework can be applied to noncubic
materials with different values of γhkl with appropriate
symmetry considerations.
The contributions to the overall interfacial area from each

crystallite type (I, II, and III) can be calculated as a function of
height, as shown in Figure 3a. To calculate γeff, we now assign
arbitrary interfacial energy values to each interface: 0.1, 0.2,
and 0.3 times γ111 for segments I, II, and III, respectively.
Plotting this against the particle height, as shown in Figure 3b,
gives low-energy solutions for the 5-fold particle given this set
of interfacial energies.
Figure 4 shows ϵw for the two orientations of the same

planar interface. The absolute minimum for each plot occurs
where γeff = h, confirming the minimum energy solution.
Evaluating ϵw at these minima gives values of 4.67 and 4.83 for
the orientations shown in Figure 4a and 4b meaning that the
morphology in Figure 4a is of lower energy given the input
parameters. These two solutions correlate well with the
experimental results shown in Figure 1. In addition, it can be
seen in Figure 4b that there is a local minimum owing to the
discontinuous change when the interface moves from being
only in one segment to involving three (this can be compared
to the case for a particle with lamellar twin boundaries shown
in Figure S5 where no such discontinuities will arise).
One can insert experimental values for surface energies of

commonly used metals (Au, Ag, Pd, etc.) into this model
rather than using an arbitrary value along with the broken bond
approach for a strongly faceted particle, but the overall shape
of these curves remains similar with the location of the
energetic minima only shifting slightly. Examples of other 5-
fold morphologies are shown in Figure 5, where Figure 5a/5b
demonstrate isotropic surface energies and Figure 5c/5d show
the case when there are no re-entrant (111) planes at the twin
boundaries. It can be seen that the locations of the minima are
not significantly changed, though the relative energies at each
are different as the external surface energies are changed;

furthermore, the discontinuity near −0.4 in Figure 4b has
disappeared since it was a product of the notches characteristic
of the Marks decahedron.
In the case of Figure 5d, the local minima at the origin that

arises from the intersection of the 5 twin boundaries has
become the lowest energy. The minima near 0.2 here occurs at
an intersection with crystal segment III, and the higher
interfacial energy of that segment drives the energy of the
entire particle up. To compare the impact of changing the
external energies versus the interfacial energies, we take the
model from Figure 4 and make changes to the interfacial
energies while leaving the external energies constant, and the
result is shown in Figure 6. As demonstrated, the effect of
changing the interfacial energies has a greater impact on the
energy landscape and degree of truncation of the nanoparticle
than changing the external surface energies.
The modified Winterbottom solution for MTPs on

substrates is somewhat simple; one has to extend from the
normal solution and solve for an additional constraint
involving the effective interfacial free energy. As such, this is
similar to the additional constraints required to solve for alloy
nanoparticles.40 Because in general it will be impossible to
simultaneously have strong adhesion for all of the different
single-crystal units with the substrate, the adhesion will always
be smaller (e.g., see Figure S2) than a single crystal.
Additionally, it is these interfacial energies that predominantly
define the truncation height and the location of the energetic
minima in the ϵw calculations (Figure 6), as is the case with the
single-crystalline Winterbottom construction. One important
point to note is the intersection of the twin boundaries
themselves with the substrate. We have assumed a twin energy
of zero and by extension no interaction between said boundary
and the support surface; however, this will not be the case in
reality, where this will be energetically positive.
The model presented thus far is purely thermodynamic, as

we have used the nominal surface energies in vacuum to define
the Wulff construction. Particle shapes and growth can also be
defined kinetically, where the growth velocity of a facet is used
rather than the energy.22,30 As a result, if these polycrystalline
particles are formed on the substrate in a kinetic manner (as
opposed to allowed to reach local equilibrium), then the Wulff
center will necessarily intersect with the substrate as the
interface with the substrate has a growth velocity of zero.
However, it is rarely the case where a growth will be entirely
thermodynamic or kinetic, instead a mix of the two factors is
expected. An experimentally observed example of kinetic
influence, as well as local minima from faceting discontinuity,
can be seen in Figure S2.

Figure 6. ϵw plots using the same external energies as the particle in Figures 3 and 4, with the interfacial energies changed −0.2, 0.4, and 0.7 γ111. As
shown, the impact on the plots and the location of the minima is significant when compared to changes arising from differences in the external
energies.
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While we have here described the specific case for a 5-fold
MTP, the solution is quite general. It can be applied to
lamellar-twinned particles with one or more parallel twin
boundaries (Figure S5) or more complex MTPs such as
icosahedra (Figure S3), as well as Janus-type particles,
multicomponent particles, or any other case where the
nanoparticle on the support contains more than one distinct
crystallographic unit. In the examples shown in the Supporting
Information, as well as the tilted 5-fold example in Figure S4,
the particle morphology is such that low-energy facets form the
interface with the support to minimize γeff. Asymmetric MTPs
can also be described with this model and appropriate
volumetric scaling, but the kinetic factors involved in their
formation make them difficult to predict from a thermody-
namic standpoint.

■ CONCLUSIONS
The general thermodynamic shape of supported polycrystalline
nanoparticles can be described by combining the established
modified Wulff construction and the Winterbottom con-
struction.
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