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DYNAMICAL THFORY FOR HIGH ENERGY ELECTRON REFLECTION

Yiqun Ma

ABSTRACT

High energy electron reflection (HEER) i3 an important
technique in surface science, which uses the information
carried by high energy electrons reflected from surfaces to
study surface structures and surface electronic states. With
the development of the application of reflection high energy
electron diffraction (RHEED), reflection high energy electron
microscopy (RHEEM) and reflection high energy electron energy
loss spectroscopy (RHEEL) in surface science, the usefulness
of HEER has been widely recognized and demonstrated. However,
the development in HEER has been stagnated by slow development
of dynamical theory for this technique. For a long time, the
theory of HEER did not progress much further than kinematic
pPrinciple, although the dynamical approach has been attempted
by many authors. A stationary .dynamical solution for an
arbitrary surface for HEER has not been ever obtained. The
importance of dynamical analyses and stationary solutions for
HEER is due to the facts that high energy elsctron scattering
from a crystal surface is basically a dynamical phenomenon and

the RHEED patterns and RHEEM images in experiments zre the
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results of stationary diffraction processes between incident
electrons and crystal surface.

There are three major achievements in HEER introduced in
this thesis:
i) The introduction of the concept of current flow has solved
the Bloch wave solution in reflection and removed the
confusion around the wave points in the "band gap" in the
Bragg case.
ii) Taking the multislice calculation in the reflection case
as the Picard iteration leads to the emerging of the BMCR
method (Bloch wave + Multislice Combined for Reflection).
iii) The edge patching method (the EPMO method) has solved the
problem of edge effects in multislice calculation for
reflection and finally makes the infinitely convergent
(convergence not limited by iteration thickness) stationary
dynamical solution for HEER obtainable for arbitrary surfaces.

These developments hopefully will have important impacts
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on HEER.
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"The true value of a human being is determined primarily
by the measure and the sense in which he has attained

liberation from the self."

Albert Einstein
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Chapter I. Introduction

1.1. General review of studies on high energy electron

reflection

The history of surface investigations using reflected
high energy electrons can be traced back to the early
development of electron diffraction in a golid. Since the time
when the first reflection high energy electron image (REEEM)
was obtained by Ruska [1] and the first reflection high energy
electron diffraction pattern (RHEED) by Nishikawa and Kikuchi
[2-3], it has developed both theoretically and experimentally
in different directions: imaging (RHEEM), diffraction (RHEED)
and energy loss spectroscopy (RHEEL). The combination of these
approaches has proved to be a powerful tool to study the
structure and electronic state of crystal surfaces and the
correlation between the two, because of the rapid development
of this field in the first half of this century. The image and
diffraction pattern of reflected electrons offer information
of the structure of crystal surfaces, while the energy
spectrum of reflected electrons can show the electronic state
of the surface.

The advantages of using reflected high energy electrons

can be listed as:




i) Short wave-length and high resolution in images.
ii) Relatively small inelastic scattering with respect to the
incident wavae.
iii) Relatively small absorption with respact to the incident
wave.
iv) High surface sensitivity for small glancing incident
angles.
v) Modern techniques can combine these different approaches
together in one microscope, which will lead to a combination
of surface science and traditional electron microscopy.
With the development of ultra~high vacuum (UHV)
techniques and electron optical systems, there has been a
revival of interest in high energy electron reflection, as
opposed to low energy electron reflection which is utilized
for both diffraction (LEED) [4-5] and imaging (RLEEM) [6].
Experimentally, the new revival has resulted in developments
in the studies of molecular beam epitaxy (MBE) using RHEED
patterns [7-9] and the studies of various surface featuraes by
high resolution RHEEM [10-11].
Significant progress was made in RHEED applications to
crystal growth recently. Intensity oscillations in the
specularly reflected and various diffracted beams in the RHEED

patterns were found to correspond to layer-by-layer growth
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{12-13]. The technique of RHEED has already been widely used
in surface investigations such as surface recrystallization,
reconstruction, relaxation [14] and surface resonance [15].

The images obtained in high résolution RHEEM can provide
real space information concerning structural wvariation on
crystal surfaces as a comparison to the reciprocal space
information in RHEED, which is similar to dark field imaging
in transmission high energy electron microscopy (THEEM). The
full power of RHEEM was demonstrated by the studies of Shimizu
et al.[16], in which the surface dynamic processes were
racorded in-situ by RHEEM.

Energy loss analysis in the reflection mode was initiated
by Cowley [17]. It has been recently applied for surface
investigation in both real space (RHEEM) and reciprocal space
(RHEED) ([18]. Information. about the composition, atomic
coordination of surface layers of crystals together with
information of surface structures can bhe revealed by this
technique.

The developments in these fields have showed some
promise, although RHEEM is limited by a severe foreshortening
of the images due to the small glancing incidence angle and
RHEED is limited by the smearing of the pattern resulting from

surface inelastic scattering, surface relaxations and




inmperfections.

1.2. Experimental development of reflection high energy

electron microscopy (RHEEM)

Since 1933, when Ruska [l1] first imaged the surface of
solids with electrons reflected from the surface, the
technique of reflection higﬁ energy electron microscopy
(RHEEM) has experienced an unsteady development. This is due
to: 1) the competition of other surface imaging technigues,
such as replica and shadowing technique, scanning electron
microscopy (SEM); 2) the underdeveloped EM instrument in the
early days. The arrangement of the imaging system used by
Ruska is shown in Fig.l.l1l. Since it used high angle scattered
electrons, the resolution was poor. In 1940, Borries [19] used
small angle scattered electrons to image gold surfaces. The
resolving power was improved to 500A (Fig.1.2). Unfortunately,
the advent of the replica method in THEEM which yielded
valuable information in many fields of surface study, resulted
in low interest in RHEEM. However, apart from defects and
uncertainty in the replica process itself, there is a basic
limitation imposed on the replica method because: 1) it is not
the surface itself which is examined in the microscope; 2) it

is impossible to study the surface at high resoclution; 3) it
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is impossible to carry out in-situ studies on the surface.
Therefore, RHEEM was revived with the works of Cossleft [20],
Fert and Saporte [21], Menter (Fig.l1.3) [22], Haine et al. [23]
and Page [24] in 1950’'s,.

RHEEM, however, was abandoned again with the development
of SEM which achieved the same or better resolution under far
more favorable circumstances.

The interest in RHEEM was revivaed in 1975 by.Cowley and
Nielsen [10-11] with the emphasis put on diffraction contrast
for the purpose of studying the crystalline structure of solid
surfaces. Since then, experiments have been done with ordinary
as well as specially modified UHV electron microscopes. The
types of specimens studied include metals, semiconductors and
insulators.

In 1980’3, Osakabe et al. [25] first used a UHV electron
microscope with a modified specimen holder for RHEEM. The
specimen holder is capable of both heating (1200C) and cooling
(20K), which makes in-situ observation possible. The process
of cleaning by heating Si(lll) surfaces with 1xl1 and 7x7
structures was clearly shown in both the RHEEM image and RHEED
patterns. The phase transition from the 1xl structure of the
cool dirty surface to a 7x7 structure of the heated clean surface

was observed. It was found that gold deposition produced the
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transformation of the 7x7 structure to 5xl1, 3x3 and 6x6
structures. Further studies of the same group [26] suggested
that the phase transition was first order and a modal of the
7x7 structure was proposed based upon ordered vacancies or adatoms
instead of the static displacements of the surface atoms.
Simultaneously, the image contrast of dislocations and atomic
steps on Si(l11l) surface were also recorded [27].

Later on, Hsu [28-30] applied RHEEM to the surface of single
crystal metals (Au, Pt) and semiconductors in a conventional
electron microscope. Reqularly spaced steps on the vicinal surface
were recorded and atomic steps on the terraces resolved in the
RHEEM images, and the images of surface dislocations were
confirmed. The highest resolution was 9A (Fig.1.4).

RHEEM was first introduced to study the mechanism of MBE
on GaAs low miller indices surfaces by Cooman et al. [31] in
1984. Compared to THEEM in this area, RHEEM is more informative
and the specimen preparation is reduced to a minimum.

Studies using RHEEM were also carried out on single crystal
oxide surface by Uchida et al.[32]. Surface steps of atomic
height on MgO smoke particles were detected in RHEEM. The same
group also investigated the effects of differaent %treatments
for cleaning a surface, such as Ar-ion bombardment, annealing,

chemical etching and electron-polishing on the single crystal
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metal surface (33]. The images clearly showed the high quality
of flat Au(lll) surface after being annealed for one hour at
500C in URV.

An important step in RHEEM was started by Shimizu et al. [34],
in which the in-situ observation method was first introduced
into the RHEEM studies, A gas inlet device was constructed for
an UHV electron microscope. The dynamical processes of oxidation
on Si(l1lll)-7x7 surface at various temperatures were studied
in-gsitu by RHEEM. The oxidation temperature of the Si(111)-
7x7 surface was found at about 730-750C. The observation of
7x7 lattice fringes during the oxidation was also reported.
Their recent studies revealed more information about the formation
and diffusion of surface vacancies, distribution of hollows
on the terraces of the Si(111)-7x7 surfaces and the growth
kinetics [16]. The quantitative data included an activation
energy of 1l.4eV for the surface diffusion of the vacancies on
Si(111)-7x7 surface and a reaction rate of 0.23 at 630C for
forming two vacancies by an impinging oxygen molecule on the
surface.

More detailed investigations on variocus crystal surfaces
by RHEEM are continuously reported. Double contours of monatomic
steps on single crystal surfaces were observed [35-36]; the

effects of azimuth on RHEEM images were studied [37]; and the
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observation of crystal surfaces on Si cylindrical single crystal
specimen was recently reported [38].

There are several major advantages to RHEEM:
i) RHEEM can be used directly for bulk specimens. Thus the
specimen preparation for RHEEM is much easier than that for
THEEM, HREM and FIM, and the information loss during the
pPreparation is not a problem.
ii) Because RHEEM is a direct observation technique and there
is an opportunity for the in-situ observation of surface reactions
by RHEEM, it is possible to investigate the surface at relatively
high resolution while carrying out physical or chemical
experiments on the surface (such as interaction with gas, crystal
growth, mechanical deformation and ion sputtering etc.).
iii) Conventional THEEM facilities can be used to perform RHEEM,
This will greatly extend the usage of THEEM facilities.
iv) Combination of RHEEM with RHEED and REEL for surface
investigation can provide otherwise unobtainable information
about the surface.
v} The theoretical limit of resolution for RHEEM is around 10A
[11,39]. The best resolution obtained to date in RHEEM is 94,
Its resolving power is considerably stronger than other surface
imaging technique except scanning tunneling microscopy (STM).

STM is a big challenge to the RHEEM technique. It also
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has atomic resolving power and can work in a much broader
environment. However, due to the small gap between scanning
tip and the investigated surface and the speed limitation of
the mechanical motion of the tip, the observation of in-situ
dynamical surface reaction ig difficult for STM. In addition,
it is still not a direct imaging technique. The recorded physical
quantity is the height instead of the intensity reflected from
the objects.

Low energy electron reflection microscopy (RLEEM) is another
alternative technique to RHEEM. As RHEEM is related to RHEED,
RLEEM is associated with LEED. The difficulty of making a suitable
electron optical system suggests that the resolution of the
technique is limited.

Clear surface atomic images have been routinely obtained
using high resolution electron microscopy (HREM} technique [40-
41] . In HREM, however, only a projection of the surface is imaged
and the two dimensional information is reduced to one dimensional.

Scanning reflection electron microscopy (SREM), which makes
use of the scanning capability of STEM facilities, has a similar
imaging geometry to that of RHEEM, except that the electron
beam is scanned across the surface, instead of being static
as in RHEEM. Nevertheless, like SEM, its resolution is limited

by the beam size and energy dissipation of the electron in the
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bulk, although in principle it should equa2l that in RHEEM.
Like all other techniques, RHEEM has its limitations:
i) Foreshortening is the major disadvantage of RHEEM, which
is decided by the geometry of RHEEM.
ii) The resolution of RHEEM is mainly limited by chromatic
aberration (104), which means that atomic imaging by RHEEM will
be very difficult, if not impossible.
iii) Because of the geometry of RHEEM, the surface in the
direction of the incident beam can not be completely focused.
This makes the interpretation of RHEEM images complicated.
As a summary, the surface features and phenomena that have

been investigated and observed using RHEEM up to now are:

i) Surface steps [25,27,28,30,34,36, 37,381
ii) Surface dislocations [28,30,39,41,42,43]

iii) Surface reconstructions [25,26,34,35]

iv) Superlattices [31]

V) Surface Oxidation [34,35]

vi) Surface vacancy formation [35]

vii) Surface stacking faults [98]

The materials studied by RHEEM are:
i) Graphite [98]
ii) Diamond [42,45]

iii) Mgo [32]
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iv) Pbs [45]

v) Fe,0, {46]

vi) TiS, s [46]

vii) Au [28,29,33,36,37,]
viii) Pt [28,29, 33,36,37,45]
ix) GaAs [30,46,47]

x) Gap [48]

xi) GaAl, As/GaAs [31,49]

xii) Au/MgO [50]

xiii) S4i [25,26,27,34,35,

36,38,49,51, 52]

1.3. Experimental development of reflection hi.qh enerqy elactron

diffraction (RHEED)

Unlike RHEEM, since Nishikawa and Kikuchi [2,3] £first
obtained the RHEED pattern, the technique has experienced a
steady development. This is mainly because the information in
RHEED is obtainable without complicated electron optics. RHEED
is widely used in surface science as an alternative technique
to LEED for studying surface reconstruction, nucleation,
crystallization and the mechanism of crystal growth. In many
cases, it is applied in a special RHEED apparatus [53] instead

of being associated with an electron microscope, i.e. an electron
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optical system.

The usefulness of RHEED was recognized for its early
applications in surface studies, such as oxide £ilms on crystal
surfaces [54], metal films formed by liquid phase epitaxy (LPE)
[55] and surfaces covered by organic molecules [56]. Howevar,
the development of RHEED was overshadowed by vigorous progress
in transmission high energy electron diffraction (THEED) combined
with THEEM. For a long time, the RHEED method for studying
surface structure was considered to be unimportant because of
the rapid development of THEED and LEED, although significan:t
progress in RHEED has still been made by a relatively limited
number of researchers, such as Trepte et al., Sewell et al. [58],
Cho [59] and Menadue [60].

Trepte et al. clearly demonstrated that the diffraction
pattern and Kikuchi map in reflection are available for
identifying the zone axis and reconstructions on a single
crystal Cu surface. Oxygen adsorption on Cu surface was observed
as additional spots in a RHEED pattern. Different high miller
index Cu surface planes, based on low miller indices surfaces
such as (001), (111), and (01l1l) were identified in the diffraction
pattern. In a short report in 1969, Henderson et al. [61] showed
RHEED patterns from iodine covering Si(11l) surface in different

zones using 40keV electrons. The patterns proved that in agreement
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with the LEED results, iodine formed a hexagonal net of atoms
with silicon spacings. As the author pointed out, the available
polish and etch techniques produce satisfactory surfaces, although
RHEED experiments demand a very smooth flat surface which is
critical to the experiment. No charging of the surface was
found in RHEED mode as might be expected from highly resistive
silicon. The author also noticed an important advantage of REEED
when the sample is illuminated by a small and well confined
primary beam.

The observation of B-SiC formation on Si (111) surfaces
was first reported using the RHEED technique [62]. Strong evidence
of SiC was found by measuring the lattice constant. The
temperature related formation and desorption processes of SiC
on Si (11l) were observed using in-situ RHEED. The authors
pointed out from geometrical considerations that RHEED might
be a more sensitive technique for polycrystalline particle-
like surface impurities.

In the studies of Menadue [60], Si (111) surfaces were
examined by RHEED in URV. The intensities of the {hhh} systematic
set of the Bragg reflections from the 2nd and 7th orders were
quantitatively measured as a function of azimuth angle, rocking
angle and temperature. It is interesting that the mean inner

potential V, is determined by the refractive shift of the {hhh}
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reflections towards the shadow edge. The quantitative result
of V, is 12.01+0.4eV for Si, which is very close to the calculated
data for Si: 11.47eV [63]. The intensity of the low-order Bragg
reflections from the net planes parallel to the S$i(111l) surface
was plotted as the function of the incidence azimuth. Intensity
peaks were clearly shown at azimuths near low-index zone axes.
This was later called the surface resonance phenomena in RHEED,
In their conclusions, the authors made several important points:
i) The contribution of the surface structure to high order
reflections becomes rapidly less important as the penetration
increases at higher angles of incidence. Thus the higher order
peak intensities and their variation with temperature are suitable
for comparison with a n-beam dynamical theory for the Bragg
case.

ii) The measured peak intensities are well reproduced fc;r a
given specimen for each surface structure when it is reformed.
Thus the relative intensities for different surface structures
could be compared.
iii) Surface non-flatness must be a prime consideration.
More impressive development in RHEED was made by the
group of Ino in 1977 [13,64-65]. A new RHEED apparatus {Fig.1.5)
was set up in UHV especially for RHEED studies. Various surface

phenomena on the Si(111l) surface such as the effect of heating,
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SiC structure, 7x7 surface reconstruction, 19x19 Ni structure
and 5x1 Au structure were observed in RHEED patterns (Fig.l.6).
The patterns by Ino et al. are much clearer and more informative
than any other obtained before, and reveal the full power of
RHEED for solid surface investigation. The intensity distribution
of electron waves in reciprocal space was studied by different
methods, for instance, oscillating the crystal to investigate
the intensity distribution along the rods as it is done in X-
ray analysis. RHEED has been routinely used to identify the
surface reconstructions and surface steps [66-69].

A recent important development in RHEED was the discovery
of the correlation between intensity oscillations in RHEED pattern
and crystal growth on the surface during the MBE process [7-
9]. The oscillation was found during the doping of Sn in the
growth of GaAs by MBE. After the Sn doping flux was cut off
and the Ga flux was reopened, a periodic and decaying RHEED
intensity oscillation with time was observed. The period of
the oscillation was equal to the time required to deposit one
monolayer of GaAs. The intensity of the oscillation gradually
decayed into a stable RHEED pattern.

A model for the oscillation was first given by Harris et

al [7]. It was considered that the oscillation arises from an

increase in the stress around each surface Sn atom as the Gaas
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coverage increases, so that at near-complete coverage, the Sn
atom is forced out of its lattice site onto the surface again.

However, the phenomenon was latter observed in all kinds
of film growth by MBE. A detailed observation was made of the
oscillations of the specularly reflected and various diffracted
beams in the RHEED pattern during the MBE growth of GaAs,
Ga,Al, As and Ge by Harris et al.[9] and Van Hove et al.[1l3,70-
71]. The oscillation was also reconfirmed in the RHEED pattern
during the MBE growth of Si (001) and Ge (001) by Aarts et al.[72].
The results show a correlation between the amplitude of the
oscillations and various parameters, such as substrate
temperature, incidence angle and azimuth of electron beam. Because
the periodicity of oscillation in all observations corrasponds
exactly to the growth of a single monolayer, it provides an
absélute measurement of the growth rate.

Since the intensity oscillation is a common phenomenon
in MBE growth, it should be considered as an intrinsic property
of each system, although it may be enhanced by the presence
of certain impurities. Therefore, Van Hove et al. [13] proposed
a new model for the phenomenon and interpreted the osciilations
as a consequence of the competition between nucleation and step
growth. In their argument, which is based upon kinematic theory,

the diffracted beams from flat terraces on a surface with random
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steps are remodulated by surface steps as:

A= YA . .exp[i.S.R] (1.1)
where A, is the amplitude of total wave including dynamic effects
diffracted from the ith terrace. The momentum transfer is
S=2n(k.~k,) where k,=k,~1/)A are the initial and final wave vectors.
ki is a vector from the origin to the edge of the ith step.
If k, is expressed as k,=d,+L,, where d, is perpendicular to the
surface and L, is parallel to the surface, then the diffracted
amplitude is

XA .expl[i.S,.d,].expli.S, .L,] (1.2)
where S, and S, are the components of S, perpendicular and
parallel to the surface respectively. For Bragg diffraction,
S,.d, is always an integral multiple of n, while S .L; continuously
varies from 0 to 27n when the crystal grows layer by layer. The
later term causes the intensity oscillation and the waviness
of cross section width of reciprocal lattice rod.

Another interesting new development in RHEED is spot
splitting which was observed first in RHEED half a century ago
(Kikuchi) and reconfirmed by sensitive intensity measurement
by Pukite et al.[69,73]. There had been no further studies and
explanations until Pukite et al.. The results showed that the

splitting is related to both the vicinal angle of surfaces and
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incidence azimuth.

All these developments in RHEED indicate that kinematic
theory is not enough for RHEED patterns. Unfortunately, the
development of a dynamical theory for electron reflection has
been rather slow, compared to that of electron transmission.
This is largely due to the complexity of the boundary value
problem and the nature of the Bloch waves in the Bragg case.
Unlike reflection of X-rays, for which two-beam analysis is
enough, high energy electron reflection is basically a n-beam

dynamical phenomenon.

1.4. Development of a dynamical theory for high enerqgy electron

reflection

1.4.1. Bethe theory

Like the development of dynamical theory for the electron
transmission case, early development for electron reflection
case was based upon the Bethe theory [74]. The Bethe theory
uses a plane wave expansion to solve the Schrodinger equation
in momentum space [75] which is parallel to energy band analysis
‘in energy space. The only difference between them is which
variable, E or k, is taken as an independent variable in the
E~-k relation. E is the total energy of the given system and

k the crystal momentum.
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In 1954, Miyake et al.[76] first applied the Bethe theory
to the study of an anomalous enhancement of the specular beam
in RHEED patterns when the reflection happened to £all on a
Kikuchi line. The authors indicated that enhancement of the
specular reflection occurred when a Bragg reflection in a side
direction took place inside the crystal and proposed that the
phenomenon can be interpreted as the result of "the Bragg
reflection on a side plane". The total reflection of internal
waves at the surface played an important role in producing the
enhancement. However, a basic problem was determining the wave
points which are excited in and between bands. Therefore, the
major part of the discussion was qualitative. Later on, Kohra
et al.[77] used the Bethe theory to explain the phenomenon for
a four-beam case. An enhanced specular beam was shown in the
calculated rocking curve. In the paper, the role of energy
flow for determining wave points was first mentioned.
Unfortunately, a quantitative and analytical formalism of energy
flow for the reflection case was not discussed.

Ten years later, Kawamura et al.[78] studied the intensity
anomaly and its temperature dependence using the Bethe theory
for the eight-beam case. The most impressive statement in the
paper is: "The dispersion surface is generally a complex hyper

surface, on which those tie points (i.e. wave points) that are
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physically allowable must be selected; thus eigenvalues k.
corresponding to the negative energy f£flow into the crystal should
be omitted." Unfortunately the train of thought just stopped
there and the next statement led elsewhere. For a long time,
how to handle a complex dispersion surface and energy flow both
analytically and numerically has not been found. This has been
a major obstacle to the development of dynamical theory of
electron reflection.

In 1970’3, Colella and Menadue [79,80] introduced an
alternative way of applying the Bethe theory to the reflection
case. To avoid the dilemma of determining wave points on the
dispersion surface, an additional bottom boundary was introduced.
Because of the back reflection from the bottom, all possible
Bloch waves are excited in the crystal. Therefore, there are
2n Bloch waves and 2n equations due to the boundary conditions
and the problem has a unique solution, which means that the
determination of excited wave points on the complex dispersion
surface is not necessary. When absorption is introduced and
the distance between the top boundary and bottom boundary is
set large enough, the model becomes close to the real reflection
from the surface of a bulk crystal. The forward transmission
waves are attenuated to zero at the bottom and the back reflection

hag only a virtual existence. The same method was brought up
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by Moon [8l1] simultaneously, who used the Hill’s determinant
method for the eigenvalue search. The method has two basic
disadvantages: i) The computation speed is slowed down by
introducing a 2nx2n matrix and one additional bottom boundary;
ii) The physical mechanism of reflection is concealed in the
numerical processes and the analysis of energy flow becomes
impossible, although it plays an important role in understanding
the physics of electron reflection. Another fault of the a’pproach
is the surface truncation; the crystal potential is truncated
at the top atomic layer, and the space right above the top layer
is considered as free space, while a real surface potential
" exponentially extends into vacuum. Scme experiments have indicated
that the effects of transition layers of surfaces on the results
are nontrivial. This was latter on discussed by Britze et al. [82]
using the WKB method, in which the potential varies continuously
in the transition region between crystal and vacuum and a
variation of the topmost interlayer spacing is ailowed for.
In the transition region, the Schrodinger equation was solved
approximately using the WKB method. The authors claimed that
the assumption of a continuous potential transition instead
of a potential step is important, while the exact form of the
transition potential is essentially unimportant. Nevertheless,

the validity of the method has not been rigorously examinad
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both theoretically and experimentally. The role of the surface
potential in high energy electron reflection has not been well

understood.

1.4.2, "Parallel multislice” method

The Bloch wave method in principle is only suitable for
a perfect and periodic crystal, while a lot of surface phenomena
result from surface imperfections, such as surface steps,
clusters, dislocations, reconstructions, relaxations and a surface
potential. This means that it is necessary to f£ind alternative
ways which are adapted to the simulation of surface imperfections.
Borrowing the concept of slice used by Darwin [83] for X-ray
diffraction in crystals, Maksym et al. [84] developed a new method
for electron raflection in which a crystal is considered perfact
and periodic in the plane parallel to surface, and the non-
periocdic modulation of the potential only cccurs in the direction
normal to the surface. Then the crystal is sliced along the
plane parallel to the surface. The whole concept of the method
ig quite similar to that of scattering matrix method [85] used
for transmission case. However, unlike the scattering matrix
which starts off with plane wave equation, it starts off with
the Schrodinger equation. Both the ¢rystal potential and crystal

wave are expanded in two dimensions parallel to the surface:
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V(£)=3V,(2) .exp[i.g,.p] (1.3)
y(r)=exp[i.k, .p]X.d..(z)exp[i.g,.p] (1.4)
where k  is the parallel component of the incident wave vector.
Substituting (1.3) and (1.4) into the Schrodinger equation,
the coefficients ¢,, obey the following system of equations which
are equivalent to the Schrodinger equation in 3-D momentum space:
&g,/ dzz+k’2,¢ﬂ,= (2m/h%) g,,.viu_g,,.q;i,,. (1.5)
where
kg = (2mE/B) - | ke, +q, | * (1.6)
Equation (1.5) was solved by an integration algorithm using
the boundary condition:
bgu ~ Og0xP[~ik,,z]1+R,,"exp[ik,,z] for z—eo {(1.7)
~ Tyeexp[-ik,z] for z—i-co (1.8)
Equation (1.5) latter on was solved by Ichimiya [86] using a
matrix approach, which mathematically is similar to the scattering
matrix method for transmission. There are two major differences
between the two: i) the reflection waves are included in the
former, while they are omitted in the latter, ii) the transform
matrix in exponential form is diagonalized by eigehmatrices
in the former, while it is calculated directly by expanding
the exponential matrix into a power series in the latter.

The "parallel multislice" approach was latter on widely
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used in RHEED and RHEEM analyses in various materials [87-
89]. Good agreement between experimental and theoretical data
was claimed. However, the limitation of the approach is that
it is inherently unsuitable to calculate the reflection waves
from the crystal defects involving structural variation along
beam direction. The validity of the method requires verification
from a more fundamental method--the Bloch wave method and the
claim of agreement with experimental data in certain circumstance
is not a proof of its theoretical integrity. Finally, conservation
of enerqgy, momentum and energy flow along the boundary can not
be analyzed by the method, which is important for the

understanding of reflection physics.

1.4.3, "Vertical Multislice" method

Another alternative approach for reflection dynamical
calculation was introduced by Peng and Cowley [90-51], which
was based upon the multislice formulation developed by Cowley
and Moodie [92-894]. Unlike Maksym’s method and the scattering
matrix method, the slices of crystal are taken normal to surface
as they are for profile image simulations for transmission.
The periodicity of the crystal potential breaks down at the
surface and an artificial periodicity is imposed by assuming

the whole slice of crystal and vacuum repeats in the direction
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normal to the surface. The initial state, i.e. the incident
electron wave is constructed as a plane wave in the vacuum which
has a wave vector tilted to the surface with a small angle of
interest and is smoothed by a Gaussian to reduce the artificial
effects of wave edge. The wave function inside and ocutside the
crystal are then calculated by multislice. Because there is
no restriction on the way of constructing the phase grating
of successive slices, it is possible to include any desired
modification of the structure, such as surface relaxations,
clusters, steps, even dislocations. This is the most significant
feature of the method. The surface potential is also automatically
included in the phase grating, which means no surface truncation.
The fast computation speed for the many-beam cases is another
character of the multislice algorithm developed by Cowley and
Moodie.

However, the edge effects caused by imposed artificial
periodicity on the unit cell and the limitation of beam size
inherently stand in the way of getting a stationary solution.
It usually needs more than 1500A to reach the stationary solution.
This means that the incident beam size should be at least larger
than 75A in width for a incidence angle smaller than 25mRad,
if the edge effects are to be minimized. This requires the size

of sampling array larger than 2024x64, which makes the calculation
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difficult to handle. If simulations of surface defects are
performed, the size of the array needs to be even larger. In
addition, like other numerical methods, the physics is conceale‘l
by numbers and this method is also not adapted for analyses
of energy flow, variation of the Bloch states, excitation of

surface raesonance states and external and internal reflection.

1.4.4. Other Approaches

In 1977, Shuman tried to use the column approximation to
simulate surface dislocation in the Bragg case. The columns
were set up normal to surface and the incident beam in the Bragg
case. This violates the conditions for the column approximation:
od./9x,=0, dd,/dx,=0 [96]. In addition, Shuman modelled the surface
of the crystal as a truncated surface so that the displacement
and stress field around a dislocation on the surface is identical
to that around one in an infinite crystal. This apparently can
not explain the large asymmetric features commonly observed
around a surface dislocation core. All of these suggest that
the column approximation which is successfully used in the Laue
case is generally inadequate in the Bragg case.

The real-space method developed by Van Dyck [97] physically
is not very much different from the multislice method developed

by Cowley and Moodie. It uses a different mathematical approach
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to evaluate convolution in real space. The scattering matrix
method in principle is similar to the "parallel multislice"
method as mentioned before. Therefore, one should not expect
these methods to produce more information thanm the three

discussed.
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Fig.l1.6. Typical RHEED patterns (20kV) taken from S,(111)
surface with the 7x7 structure. (a) and (b): [112] and [110]
incidence, respactively. (Ino, 1977)




Chapter II. Bloch wave solution for high

enerqgqy electron reflection

2.1. Introduction

In principle, the Bloch wave method is very powerful
method of understanding electron diffraction and is widely
used for transmission. One of the main advantages of the Bloch
wave method is that it allows access to substantial physical
insights which are not often readily available in strictly
numerical methods. In addition, for a thicker crystal in the
Bragé diffraction case, it can be faster and more effective
than numerical methods, such as multislice methods ("parallel"
or "vertical"). However, the development of the Bloch wave
method for RHEED or RHEEM was blocked for many decades by the
difficulties of dealing with a complex dispersion surface and
the wave points in the band gap between the real dispersion
surfaces. This is related to the problem of evanescent waves
for reflection.

This chapter will give a detailed description of both
analytical and numerical solutions of the Bloch wave approach
for the reflection case, in par£ recapping some of the earlier
development of others, such as Metherell [1], and in part

presenting new work particularly on the boundary value problem
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solved by introducing current flow. In the process of this
analysis, the importance of reflectivity via the current flow
will be shown in terms of understanding the physics of

raflection.

2.2. Bloch wave formulation in the general case

The general theory of dynamical electron diffraction in
a crystal was first proposed by Bethe [2]. A systematic
development of the theory can be found in the paper by
Metherell {1]. According to the Bloch theorem, the elaectron
wave function in a periodic potential has the form of the
Bloch function: _
¥ (x)=exp[i2nk.z]u, () (2.1)
where hk is the crystal momentum which characterizes the Bloch
states in a specific periodic potential and 1&(;) has the
periodicity of the Bravais lattice. Therefore Wy(r) can be
expanded as the Fourier saeries:
y¥ (r)=Z.Cc,Vexpli2n (k¥ +g) .x] (2.2)
where C,? (j=1,2..... ) are the Fourier coefficients, k'¥+g the
wave vectors of the plane components of the Bloch wave
function and j denotes the specific excited Bloch stata.
Substituting the Bloch wave function y(r) and the Fourier

expansion of the crystal potential V(r) inte the time
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independent Schrodinger equation, the equation is converted

into the form in k space:

2ot (1-8,) U, o +6,, [K*- (kP +g) *] }CE"’=0 (2.3)
where
1 m=n
| m,n=1,2...... N
0 m#n

K’=2meE/h*+U, and U, ~2meV /h* V, is the Fourier coefficient of
the crystal potential, N the number of the Bloch states

excited. Equation (2.3) c¢an also be written in matrix form:

Kz-. (E‘j’ +gl) 2 Uﬂl'iz Uﬁ’-‘l’ -------- Uﬂ’l'ﬁ' ci" ‘jJ
Uog K-(x"4a2)® U, ........ Upoon Cge'
=0
Usnog U gz Upgs - K- (k+g,)? cg,‘*’
or lulc,#=0 (2.4)

The condition for nontrivial solutions of Equation (2.4) is
given by:

pet|ul=0 (2.5)
Equation (2.5) is the dispersion equation determining the E-
k relation in a periodic crystal potential, which is analogous
to the dispersion equation in free space:

E-h%k?/2m=0 (2.6)
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Equation (2.5) can also be expressed as a polynomial equation:
£ (E, k) =0 (2.7)
where the superscript 2N indicates that £ is the 2Nth order
of k and E is the total energy of the electron in the crystal.
The E-k relation plays a central rele in energy band theory
and is similarly important in the dynamical theory of electron
diffraction. The difference is which one is chosen as the
independent variable, E for diffraction theory or k for energy
band theory. However, both energy band analysis and the
constant energy surface for diffraction theory are on the same
seven-dimensional complex dispersion hypersurface in E-k
space, which is defined by Equation (2.7) and determines the
totality of the allowed electronic states, both energy states
and momentum states in the crystal [3]. Equation (2.7) can be
further expressed as:
£ (B, k7, k) =0 (2.8)
where superscript r denotes the real part of k and i the
imaginary part of k. We have:
k= (k itk "i+k, k) +1 (k' 1+k, Gk, k) (2.9)
Because the wave with non-zero imaginary part of k is not a
propagating wave for the case without absorption, it cannot
be an intrinsic state of the system. Therefore, the states

with imaginary crystal momentum k are not discussed in the




34
energy band theory, i.e.
k,'=k,'=k,'=0 {(2.10)
But electron diffraction is basically an externally excited
process and a wave with imaginary crystal momentum k
(evanescent wave or non-propagating wave) can be excited. If
the coordinates are set up such that the xy plane is parallel
to the surface and the z axis is inward normal to the surface
(Fig. 2.1), for the continuity of the wavefunction and its
derivative on the boundary, there is no imaginary component
of k along the surface: k:=k;=0. Therefore, dynamical theory
of electron diffraction basically deals with a 5-D dispersion
hypersurface:
£9"M(E, k5, k5 k5 k) =0 (2.11)
In the Laue case, k,/‘'=0 (neglecting absorption), which can ba
proved algebraically. Then the problem is further reduced down
to 4-D. A dispersion surface for the Laue case is the rasult
of presenting an equal-energy section of the 4-D dispersion
hypersurface in the 3-D Euclidean space.

For a specific external excitation, E is determined, as
far as elastic scattering is concerned and k, and k, are
determined by the boundary conditions. Equation (2.7) then has
the following form:

£7 @ (k= k) =0 (2.12)
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2N values of k,"+ik,' can be obtained from Equation (2.12) and
the excited wave points on the dispersion surface can be
uniquely located. The difficulties of understanding the nature
of the evanescent wave, i.e. a wave with imaginary k, is
basically due to the fact that the wave point of an evanescent
wave cannot be presented in Euclidean geometrical space and
the theory loses a powerful visual tool. This has impeded the
development of dynamical theory in the Bragg case for decades.
Later on, it will be shown that the difficulties can be
removed when the nature of wawve propagation is further
analyzed.

Some fast eigenvalue searching methods, such as Krylov-
Faddecv’s method [4] and Hill’s determinant method [5] can be
introduced to solve Equation (2.12). Both eigenvalues and
their corresponding eigenvectors can be ocbtained
simultaneously.

The total electron wave inside the crystal can then be
written as the following:

Y(z)=2,., £y () =3P c Vexp[i2n (k' +g) . x] (2.13)
where (&'} are the coefficients of the excited Bloch waves.
These coefficients together with the plane waves outside the

crystal are determined by boundary match.




36

2.3 Boundary conditions

2,3.1. Two kinds of boundary value problems

For wave propagation, there are two basic kinds of
boundary value problems: propagation in a semi-infinite medium
and that in a finite medium. Wave propagation in an infinite
free space or medium is not relevant to dynamical diffraction
theory. For electron diffraction in a crystal, there are two
crystal models: semi-infinite ¢rystal and a slab type crystal.
Because of reflection from the bottom boundary, among excited
Bloch states, there should be the difference hetween "forward
states" and “"backward states", which seems clear in the Laue
case. Physically, this can be explicitly explained by taking
a one dimensional mechanical wave equation as an analogy:

0’0 (x, t) /ox*- (a%) 6°U (x, t) /ot’=0 (2.14)
where U is the dispiacement of medium. It has the solution:
U(x,t)=Rexp[i2n(kx-wt) ] (2.15)
Substituting (2.15) into (2.14), we obtain the following
dispersion relations:
k*-a’0’=0; k=tvVa’w’ (2.16)
Then the general solution of (2.14) is given by:
U(x, t)=Aexp[i2n (kx+at) ] +A,exp[i2n(-kx-ot) ] (2.17)

If the boundary condition is given for a semi-infinite model:
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U(0,t)=Aexpl[i2nat] (2.18)

and then A,=0 for no back reflection, the true solution of the
problem is given by:

U(x,t)=Rexpl[i2n(kx+a.t)]; k=Va’w ’=|an,| (2.19)

The reason for A,=0 is equivalent to omitting the reflectad

Bloch states in a crystal. Mathematically, a semi-infinite

crystal only has one boundafy with vacuum, which gives 2N

equations for the continuity of wave function and the

derivative of the wave function. Therefore, only N Bloch waves

can be included, otherwise the problem has no unique soluticn.

2.3.2. Energy flow and current flow

Two critical questions are how to define "forward state"
and "backward state" for the Bloch wave and whether the number
of the "forward" or "backward' states is N or not. Several
authors [6-7] have discussed the role of energy flow in this
problem, but no detailed approach was given. For a plane wave,
y(xz)=Rexp[i2nk.r], its orientation is easily defined as the
orientation of its wave vector k or the momentum p=hk, bacause
the plane wave is the eigenstate of the momentum operator.
Nevertheless, it no 1longer holds for a Bloch wave
y(r)=u(r)exp[i2nk.r], because the Bloch waves are the

eigenstates of the Hamiltonian of a periodic system and hk
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("crystal momentum" )does not represent the momentum of the
wave fiaeld. The Bloch wave as an eigenstate of the Hamiltonian
has a series of possible momentum values. In other words, it
is an expansion of the eigenfunctions of momentum operator.
In general, the orientation of a wave is determined by
its energy flow instead of its momenta. The energy flow of an
electromagnetic wave is represented by the Poynting vector,
which is determined by the disturbance of medium; 1/2(ExH)
[8]. A matter wave is interpreted as the "probability" wave,
for which there is no medium, so the energy is carried by
particles instead of being stored in medium. Therefore, it is
logical to consider the probability current flow for a matter
wave as corresponding to the Poynting vector for an
electromagnetic wave. Physically, the significance of current
flow is equivalent to that of energy flow for matter wave. We
have:

oo

E==J. ES(z,E, t)dE (2.20)
0

In the case of a stationary state and elastic scattering, it
simply becomes:
p.=ES (2.21)

where S is current flow and p, energy flow. Both S and p obey
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the conservation law. If S is conserved along a boundary, so
is p, and vice versa (Appendix 2.1, Fig.2.2). As the Poynting
vector of an electromagnetic wave is perpendicular to the
dispersion surface [8-9], the current flow for a matter wave
is also perpendicular to the real section of dispersion
surface [10]. The current flow is given by:

S=y'yw (2.22)
where v i3 the group velocity of the matter wave:
v=V,E (k) /h (2.23)
Then,
S=(yy’'/h) V,E (k) (2.24)
V@E(g) is perpendicular to the dispersion surface. There is an
important but also difficult question which needs to be
answered. In Section 2.2, it has been pointed out that the
dispersion surface primarily is a seven dimensional complex
hypersurface and k could be complex with non~zexro imaginary
part. On the other hand, the current flow and the group
velocity lose their physical meaning in the complex space and
moreover E(k) is not differentiable in the complex space
according to the Cauchy-Riemann Theorem [9], because E must
be real and then E(k) is non-analytic. Therefore, the

differentiation of E with respect to k is both unfeasible and
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physically meaningless.-ﬁowaver, it is not correct to think
that current flow, group velocity and energy as a function of
k can lose their physical significance once k is extended into
complex space. One can endow certain physical significance
(decaying of the wave) to an imaginary momentum (p=hk), while
restricting its dependent variable, energy or group velocity
within real space.

The problem now is obtaining +the mathematical
reprasentation of current flow or group velocity, when the k
vactor is extended to complex space. Energy is a basic
physical quantity and should not be affected by such an
extension. A logical extension of the mathematical
presentation of the group velocity for the above is as the
follows (Appendix 2.2):

v=(1/h) dE (k,"+ik,") /dk, (2.25)
in one dimension and
¥,=(1/h) V,E (k) - (2.26)
in three dimensions, where v, is the group velocity and the
superscript r refers to the real part of k.

The general form of a wave packet in one dimension is
given by:

Y(x, t)=expl[i2n(k,"x-E (k,) t/h?) ] exp[-2nk,'x] F [x~ (dE (k,) /dk®) . t]

(2.27)
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Equation (2.27) mathematically expresses three kinds of wave
packets existing in the real world:
i) k,'=0; dE(k,) /dk"20: non-evanescent wave packet propagating
in a medium without absorption.
ii) k,'#0; dE(k,)/dk™=0: evanescent wave packet standing in a
medium without absorption.
iii) k. *#0; dE(k, /dk"#0: evanescent or non-evanescent wave
packet propagating in a medium with absorption.

A non-decaying stationary wave packet for which k =0 and
dE (k,) /dk™=0 does not physically exist. In the case of an
evanescent wave or a wave in the medium with absorption, for
which the k vector is extended into complex space while group
velocity, current flow and energy are within real space, we
similarly have: ‘

S=(yy'/h) V,.E (k) (2.28)
which corresponds to (2.24). Nevertheless, the orientation of
Véx(g) no longer has a decisive geometrical relation with
raspect to the real dispersion surface in the Euclidean space
since the value of VFE(ngﬂ) is not necessarily equal to the
value of VEE(gﬂiE:) and k=k™tik ‘' is no longer on the real
dispersion surface. In other words, the question that whether

or not current flow of an evanescent wave or the wave in the
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medium with absorption is perpendicular to dispersion surface
loses its original meaning.

As a summary, we have several points listed as the
following:
i) If a Bloch wave as a wave packet is evanescent in a certain
direction in the medium without absorption, its current flow
or group velocity is zero.in that direction and its crystal
momentum is purely imaginary.
ii) If a Bloch wave as a wave packet is not evanescent in a
certain direction in the medium without absorption, its
current flow or group velocity is not zero in that direction
and its crystal momentum is purely real.
1ii) If a Bloch wave as a wave packet propagates in a certain
direction in the medium with absorption, its current flow or
group velocity is not zero in that direction because of the
absorption of the medium, while its wave packet core decays
in that direction and its crystal momentum is complex with
both real and imaginary parts.
iv) The current flow and energy flow are equivalent to each
other for a charged matter wave; the former is more specific
for a matter wave, while the latter is a more general term.
"Current flow" will be the only term used later.

v) The orientation of an evanescent or absorbed wave, i.e. the
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orientation of its current flow or group velocity is not
necessarily perpendicular to the real section of dispersion
hypesurface E(k™ik'). This is simply because k is not on it

when k's0.

2.3.3. Numerical analysis of current flow

After a full discussion of the physical significance of
current flow or group velocity in electron diffraction, it is
necessary to have a numerical analysis to examine its validity
in a real system. The current flow of matter wave is given by:

S(xz, t)=(h/2im) [y (Vy) - (Vy') y] (2.29)
which can be found in the texts on quantum mechanics.

Substituting the Bloch wave function (2.2) into (2.29),
we have (Appendix 2.3):

S=(2nh/m) [Z1C,” |* (k*P+g) Jexp[-4mk' P . r] (2.30)
where k™ is the real part of the wave vector, k¥ the
imaginary part of the wave vector, {C,/} the coefficients of
plane wave g and the superscript j denotes a specific excited
Bloch state. Equation (2.30) shows that the current flow of
a Bloch wave is proportional to the expectation value of all
of its possible wave vectors (p=hk) if the wave is normalized:

2,1¢,?=1. The current flow of a plane wave is [12]:

S=(2zhk/m) IC|* (2.31)
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The resulting differences between (2.30) and (2.31) arise

from the fact that the Bloch wave states are eigenstates of

the Hamiltonian, while plane waves are eigenstates of the

momentum operator. The exponential part in (2.30) is dependent

upon r, but it does not affect the sign of S, because it is

always positive. If the coordination is set up as that shown
in Fig.2.1, we have:

5=(2nh/m) exp[-4mk,'Pz]1Z [C,Y |* (k¥ +g.) (2.32)

where subscript z denotes the z component of vector. The Bloch

wave which physically exists in the semi-infinite crystal must

satisfy $,920 and k**¥>0 for the cases both with and without

absorption (Fig.2.3). This can be proved analytically [11]

(Appendix 2.4). From Equation (A2.4.8), we have:

>0 V>0
§m.kzm{ (2.33)
=0 V=0
For k/jW=k '¥=0, then:
>0 V>0
_S_,"’.k.“”{ (2.34)
=0 V=0

Equation (2.34) analytically confirms that any Bloch wave in
the medium without energy source (V. (r)20) can either

exponentially decay (k,/*“'>0, §5,9>0 or k/ <0, S.,9°) or keep
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constant (k,/¥=0) in the direction of wave propagation, which
is consistent with the analysis on the Equation (2.19).
Equation (2.34) also characterizes four kinds of formerly
discussed wave fields:

i) V;=0 (no absorption) §,¥=0, k!¥=0; a non-evanescent
standing wave in an ideal medium.
ii) V,=0 (no absorption) S5,=0, kx**#0; an evanescent standing
wave in an ideal medium.
iii) V=0 (no absorption} 8,20, k,'"=0; a propagating wave
without decaying.
iv) Vv;>0 (with absorption) S§,%>0, k2 “¥'>0 or s5,%'<0, k,"'<0; an
evanescent or propagating wave in the medium with absorption.
When absorption is introduced, the mechanism of evanescence
and absorption are mixed and both of them are characterized
as S.*¥>0 and k! >0 or s5.,%<0 and k*¥<0. However, the
numerical results show the differences between the two. The
magnitude of k,"” for an evanescent wave is much larger than
that for a non-evanescent Bloch wave since the decay of an
evanescent wave is due to both the evanescent mechanism and
the absorption in the evanescent region rather than the only
absorption mechanism for a non-evanescent Bloch wave.

As far as numerical analysis is concerned, we first

consider the condition without absorption. The crucial point
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here is whether or not the numerical results show that the
number of Bloch waves satisfying the conditions §,’=0 and
k,>0 (evanescent wave) or §.,4>0 and k >0 (non-evanescent
wave) is exact N (N=M/2). If not, there must be either faults
in the above physical analysis or numerical mistakes, because
the boundary match exclusively requires the number of the
excited Bloch states in the semi-infinite crystal to be
exactly N, otherwise the boundary wvalue problem beaecomaes
mathematically over-conditioned or under-conditioned.

In the Laue case, the crystal is also modeled as a semi-
infinite one. However, the physical reason for the modeling
is different from that in the Bragg case. For the Laue case,
it is due to weak back reflections from the boundaries with
respect to the transmitted waves, while for the Bragg case,
it is due to no back reflections because there is no bottom
boundary. The reason why the dynamical theory for the Laue
case has not encountered the above-mentioned dilemma is that
in the laue case |k ¥[>>|g| and k*¥=0, which result in
S, .k*¥>0, i.e. the orientation of current flow in the =z
axisg, is always the same as that of k vector. Therefore, the
analysis of the current f£low becomes unnecessary and the
quadrate of k,**¥ in dispersion Equation (2.4) algebraically

indicates that half of the k., are positive and another half
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are negative. The high energy approximation in the Laue case
((K+k,'P)=2K) is based upon this physical background. But for
the Bragg case, all the above relations: [k S |>>|g|, k*¥=0
and then S, % ¥'>0 break down. In addition the phencmenon of
N positive + N negative for 2N kS is not necessarily always
true. Then the analysis of current £flow becomes necessary
unless we introduce an artificial bottom boundary following
Colella [12]. In addition, analyzing current flow in the Bragg
case is not only significant for solving the boundary wvalue
problem, but also useful in understanding the physical
insights of electron reflection.

Table 2.1 is the numerical result for a GaAs (00l1l) surface
for the case both with and without absorption. The coordinates
are shown in Fig.2.1. The beam direction is along the (010)
Laue zone axis and 9 beams are included. For the absorption
treatment, the imaginary parts of the Fourier potential
coefficients are takenm as 10% of their real parts.

For a more comprehensive explanation, Table 2.2 lists the
populations of the positive and negative values of three
arrays; k%, S% and k¥, 4=1....2N and shows the
relationship between them in both the Laue case and the
general case in which the Bragg case is included. Superscript

"+" denotes the positive value, "-" the negative value and "O"
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the zero value. n(N,*,N,*) means the number of Bloch states with
positive current flow or positive imaginary part of k vector.
The notation "=" means not only equal but also one-to-one
correspondence. For example, N, *#N,"=N,” means that when S_¥x0,
there must be k/'?=0 vice versa. The subscripts "r" and "i"
refer to the real and imaginary parts of wave vectors
respectively. "NA" indicates the condition without absorption
and "WA" indicates the condition with absorption.

Although in general, the populations of positive and
negative values in each array are no longer regularly
distributed as they are in the Laue case, which is indicated
by "?", the arithmetic relation of these population numbers
is unchanged. The facts that N *+N,*=N or N,+N,=N for the case
without absorption and N,'=N,*=N or N, =N,"=N fof the case with
absorption clearly confirm that no more or no less than N
Bloch waves are excited in the semi-infinite crystal. Note
that the Bloch waves with the negative k' have no physical
significance in a semi-infinite crystal, because an infinite
value of S, deep in the crystal is physically impossible.

Another important zrelation is N+N,"=»N,” for the case
without absorption, which means that when k **¥20, s, 'Y=0. The

physical significance of this relation is that evanescent
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waves only propagate along the surface and the current flow
of evanescent waves can not penetrate into the crystal. 1In
other words, in the z direction the wave packet of the
evanescent wave is stationary and the amplitude of the wave
packet core is attenuated. When absorption is inecluded, the
above relation is replaced by N;*=N,*=N and N,+N,'=0, and all
waves are decaying in the crystal because of the absorption.
The current flow of an evanescent wave which originally is
exactly parallel to the surface now becomes into the crystal.
It represents the energy absorption in the region that the
attenuated wave packet extends instead of the motion of the
whole wave packet. Comparing the data in the case with
absorption in Table 2.1 to that without absorption, one finds
that the k,''¥ of evanescent waves are noticeably larger than
those of non-evanescent waves. This shows that with
absorption, the attenuation mechanism for evanescent waves is
different from that for non-evanescent waves, although both
their current flow and wave amplitude decay similarly in the
region with absorption. The mechanisms of both evanescence
and absorption are involved in evanescent waves, while only

absorption is involved in non-evanescent waves.

2.4. Boundary match in the Bragg case
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Having refined the problem to N Bloch waves, we now
introduce the boundary conditions as described by Metherell
[1]. The electron wave in vacuum can be written as:
P (zr)=expli2my.zr]+R, exp[i2nk, .r]+3, R exp[i2nk, .r]

(2.35)
where the first part is the incident wave, the second part is
the s$pecular reflection wave and the third part the back-
diffracted wave, gg'and.gf the corresponding wave vectors, and
R, and R, the reflection coefficients of the outgoing plane
wave branches. k, and k, are related to the incident wave

vector ¥ by the following equations, which are wvalid in the
Laue case [1l]:
k. =x-27%. (2.36)
k =X-2Y.tg+s,
=1_c‘,:+g-!-§i (2.37)
where ), is the projection of the incident wave vector on the
surface normal n, g the reciprocal lattice vector and g, the
excitation error. Referring to Fig.2.l1, MN is the surface of
crystal and the z axis is parallel to the surface normal n and
points inward into the crystal. S, and S, are the dispersion
surface in vacuum and S, is the Ewald sphere. The excitation

error s; and the surface normal n are always parallel to each
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other and towards the same direction. 8; starts from the
reciprocal lattice point g and ends on the Ewald sphere at
point P, Applying analytical geometry, we can prove that the
vector QP is equal to k., which means that (2.37) is also
valid for the Bragg case.

The dispersion surface and. reciprocal lattice for the
reflected waves in vacuum shown in Fig.2.4 is currently widely
accepted in RHEED and RHEEM and is useful for identifying the
spots positions in RHEED patterns in a simple and visual way.
However, it does not reflect the whole physics of the electron
reflection; there is no reciprocal rods or reciprocal lattice
points in vacuum. The reflected waves in the Bragg case are
excited by the Bloch waves in crystal and this "cause-effect"”
relation depends on continuity of the wave field and its
derivative.

As the conservation of energy and interfacial momentum

on the boundary and elastic scattering are concerned, we have:

(k+a) =k, (2.38)
1=k, (2.39)

where subscript t denotes the interfacial component of a wave
vector. Referring to Fig.2.1, from (2.38) and (2.39), we
immediately obtain:

Ko x=Xs (2.40)
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Kory™=Xy (2.41)
Ko a==Xe (2.42)
kg x= (Xa=9x) (2.43)
kg = (X-9y) (2.44)
kg =V (92 - (X,-9,) (2.45)

Equation (2.45) raises two important questions: i) k_, can be

g
purely imaginary if the value inside the square root is
negative when the surface normal n does not touch the
dispersion sphere S,. This means that there also exist
evanescent wave branches in the outgoing wave, which can also
propagate along the surface and concentrate in the region near
the surface. These waves coupling with the evanescent waves
inside the crystal may correspond to a "surface wave" as
discussed by many authors [6~7,13-14]. Numerical evidence on
the existence of a '""'surface wave" will be given later. ii)
Equation (2.45) is independent of g,. For the zero Laue zone,
g,~0. This means that the RHEED pattern consists of a series
of semi-circles and each one corresponds to one Laue zone.
This is consistent with th_e kinematic analysis and some RHEED
experiments which will be discussed later.

The wave function wy(r) in the crystal described by

Equation (2.2) and ®(zr) in vacuum described Ly Egquation (2.35)

o
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and their derivatives should match each other at boundary
according to the law of continuity. Therefore, we have:

D (T) =y (1) (2.46)
o®(x) /9n,.=dy (x) /on, . (2.47)
or

expli2my, .T1+R, exp[i2nk, .t] +¥_ R, exp[i2n(k,  +q) .1]
=2y 24€5Cq M exp [12m (k.. W +q.) . 1] (2.48)
Xoexp[i2my, . 1] +k, R, expli2nk,. .21 +3,, (k, ta.t8,,) expli2n (k.. +q,) . 1]
=32, (k,V'+q,)e¥’C_ Vexp[i2n (k.. V+q.) .11 (2.49)
where the subscript n denotes the projection of a vaector onto
the surface normal n and the subscript t denotes the
projection of a vector onto the surface. Referring to Fig.2.1,
n has a negative direction along the z axis. Since 8, is
always parallel to n, we have 8,=0 and then k. .=k, .tq.

Equation (2.48) and (2.49) can be true, only if:

ko =k =%,
or ko =k "=0., ko ,~k,, =y, 3J=1,2,....N (2.50)
1+R,=Z,e¥c, W (2.51)
R,.=3&%c ¥ (2.52)
1-R, =3, (k,* /%) e c @ (2.53)
-R§-=Z, (k..m"‘gn) / (Aa=GatS,) E-;”’C!‘” (2.54)

There are 2N equation and 2N unknowns; R,...R,... and g%,
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g® ..., e™ and therefore these unknowns can be uniquely
solved. Equations (2.51)~-(2.54) can also be written in the
matrix form:

c -T {E(j)}

= {E} (2.55)
A I {R.}
where
c,M c®....c,™ 1 0
............ 0 1 0
= ( -
c=|c” c....c.” ;i I= 0 1 0 ;

............ 0 0
............ 0

(kea™ / Xon) C. ™ (oo™ /%) Ca* - oo (K™ /L) €™

A = (kznll) /xf‘) cstl) (ksnﬂ) /Xqu) Csﬂ) e (kgnﬂl) /.an) cg_“)

--------------------------------------------

and
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That is:
C{e}-I{R,}=E (2.56)
A{eP}+I{R,}=E (2.57)
Therefore,
{e¥}=2 (C+A) 'E (2.58)
{Ry }=1/2 (C+n) (e} (2.59)

Thus, both the reflected waves in vacuum and the excited Bloch
waves in crystal are solved.

The basic process of the approach can be summarized as
the following:

The signs of S, and k,'?’ are examined numerically, after
calculating 2N eigenvalues k,’ and eigenvectors {C/}, the
coefficients of the plane wave components in the Bloch wavas,
from the dispersion Equation (2.5). Then N eigenvalues k%
and N eigenvectors {C,”’} of N excited "forward" Bloch waves
are taken as the applicable solutions of the problem (Table
2.1). The boundary match between the plane waves in vacuum and
the Bloch waves in crystal can solve the coefficients of each
Bloch wave and each generated plane wave.

2.5. Numerical development

Fig.2.5 shows an outline of the numerical simulation. The
potential in reciprocal space and the reciprocal lattice

parameters for the zero Laue zone are calculated by the
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relevant part of the multislice simulation program adopted
from the HREM simulation facilities at Northwestern University
(1). Since the off-diagonal elements in the Hermitian matrix
in Equation (2.4) represent interference between beams, the
matrix of the reciprocal potential for the zerc Laue needs to
be converted into the Bloch Hermitian matrix (2). Then a 2Nx2N
matrix is constructed to solve Equation (2.4), which converts
the problem of solving roots of the polynomial of the 2Nth
order into one of searching for eigenvalues of the 2Nx2N
matrix. 0 is a zero submatrix, I the unit submatrix, D the
submatrix of Nth order storing the modified Bloch BHermitian
submatrix and B diagonal submatrix of Nth order storing {qg,}.,
the z coordinate of N excited reciprocal lattice points in the
zero Laue zone. For the eigenvalue search, a general complex
matrix routine in Eispack was used. The interfacial wave
vectors of the Bloch waves {k'"+g}, are determined by the
boundary match and the z components of the wave vector are
solved as eigenvalues, while the coefficients of the plane
wave components of each Bloch wave {c;”} are solved as the
eigenvectors (4). After that, the z component of current flow
of each Bloch wave is evaluated according to Equation (2.22)
(5). S, and the imaginary part of eigenvalues k¥ are used

as the criteria for choosing K excited Bloch waves from all
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2N solved ones (6). K is examined to make sure that it is
equal to N. If not, the program will stop at this point (7).
Numerical error may possibly confuse the judgment of the
program only when both k. '¥ and S,'" are close to zero (<107%).
Rare misjudgments of this kind in the program demonstrate the
validity of previous physical and analytical analysis,
Thereafter, the wave vectors of the reflected waves in vacuum
are calculated according to Equations (2.40)-(2.45), where the
law of the conservation of energy and interfacial momentum on
boundary is obeyed (8). The coefficients of the reflected
Plane waves in vacuum and the Bloch waves in crystal are
obtained by solving Equations (2.51)-(2.54), using a general
complex linear equation routine in Linpack (9). Finally, the
total wave in the crystal and the total reflected wave in
vacuum are constructed from all previously calculated
parameters (10). Either elastic diffraction patterns and
images are displayed or'ﬁhe‘various diffraction parameters are
analyzed (11).

Fig.2.6 shows the results of this numerical development,
which does not include absorption. Intensity maps of both the
raflected waves in vacuum and the Bloch wave in crystal are
shown in the size of five unit cells by five unit cells, i.e.

28.2 by 28.2 angstrom. The incident electron energy is 100keV
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and the incident glancing angle is 42mRad. The beam is along
the [010] azimuth. In the diffraction pattern, 7 spots
corraesponding to 49 excited beams in the crystal form a
semicircle and the transmitted beam is excluded. The Bragg
spots do not show serious streaking since the crystal surface

is assumed to be perfect.
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11

12

13

14

15

16

17

18

(0.

(-0.

(0

{-0.
{ 0.
{ 0.
(-0.

{0

(0

(-0

(-0.
( 0.
( 0.
{ 0.
( 0.

(-0

Table 2.1

ALL EXCITED BLOCH WAVES

WITHOUT ABSCRPTION

EIGENVALUES
(Xa)
73292+ 0.000001);

73292+ 0.000001);

.59945+ 0.000001);

55945+ 0.000001);
35425+ 0.1488841);
35425+-0.148884);

35425+ (.148884);

.24535+ 0.097451);
.245354+-0.097451) ;
.35425+-0.148884) ;

.24535+ 0.097454);

24535+-0.097451) ;
00000+ 0.1494441);
11457+ 0.053974);
00000+-0.149441) ;

11457+-0.053974) ;

.11457% 0.053974);

.11457+4-0.053971) ;

.73292+ 0.000001);

.59945+ 0.0000041);

ENERGY FLOW

(S:)
0.38051
-0.38276
0.26390
-0.27529
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
¢.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.0bOOO

0.00000

w N =

10
1l
12
13
14
15
16
17

18
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WITH ABSORPTION

EIGENVALUES

(Jeor)

{ 0.73315+ 0.015861);

(-0.73315+~0.015861) ;

( 0.60116+ 0.030881);

(-0.
(0.
(0.
(-0.

(0
(0
(-0

(-0

(-0.
( 0.
(0.
(-0.
( 0.
(-0.
(-0.

60116+-0.
37829+ 0.
33023+-0.

33023+ 0.

.26169+ 0.
.22763+-0.
.37829+-0.

.22763+ 0,

26169+-0.
02384+ 0.
14531+ 0.
02384+-0.
08571+-0.
08571+ 0,

14531+-0.

APPLICABLE BLOCH WAVES

0.38051

0.26390

1

3

(0.
{ 0.

73315+ 0.

60116+ 0.

0308841);
150731);
150931);
150931);
092111}
107194);
150734);
107194) ;
092111);
151341);
07004141) ;
151344);
0568841) ;
056881) ;

070041) ;

015864) ;

030881) ;

ENERGYFLOW

(S.)
0.38066
-0.38294
0.26517
-0.27645
0.02119
-0.28858
0.29024
0.34682
-0.05492
-0.02133
0.38846
-0.08743
0.26040
0.90858
-0.02356
-0.10634
1.01995

-0.07001

0.38066

0.26517
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13

14

17

( 0.
(-0.
{ 0.

(-0

{ O.
(0.
(-0.

35425+
35425+
24535+

.24535+

00000+
11457+

11457+

0 - v W B

13

14

17

0.148881);
0.148884);
0.097451) ;
0.097451) ;
0.149441);
0.053971);

0.053971);

0.1872-02
0.538E+00
0.125E-10
0.611E-10
0.655E+00
0.452E~-01
0.381E-13
0.180E-02

0.705E-04

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

5
7
8
11
13
14

17

( 0.37829+
{(-0.33023+
{ 0.26169+
(-0.22763+
( 0.02384+
{ 0.14531+

(-0.08571+

Excitation Amplitudes

0.150731);
0.150934);
0.092111);
0.107194);
0.151341);
0.0700441);

0.056884) ;

0.140E-02
0.396E+00
0.383e-11
0.207E~-11
0.637E+00
0.347E-01
0.149E-13
0.196E-02

0.598E-04
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.02119
.29024
.34682
.38846
.26040
.90858

.01995

Table 2.1. List of the Bloch waves for a nine_beam calculation
of GaAs. The beam direction is along the [010] Laue zone axis
tilted by 6.5mRad along the [10l1]) direction. The absorption

is 10%.

The upper part of the table compares the real and

imaginary components of the wave vectors and current flow and
the lower is the excitation amplitudes. The incident electron
energy is 100kevV.
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Table 2.2
3=1,2...... 2N Y kS ) SRatl
0 (Na)
N,'= N,.'=N N,'=
N (WA)
0 (Na)
Laue case N,=N N.=N N,™=
N (WA)
) 2N (NA)
N,=0 N, =0 N,"=
0 (wWa)
? (NA) ? ()
N,'= N,'=? N,"=
N (WA) N (WA)
? (NA) ? (NA)
Bragg case N, = N, =? N,'=
N (WA) N (WA)
? (NA) ? (NA)
Nl.= Nt‘—_-? N&.=
0 (WA) 0 (WA)
NN, N =N N NSNS, N,
(NA) (WA)
n{N,” or N")=N n(N,’ and N,*)=N
Relation between
n(N,” or N,")=N n(N," and N,"}=N
the populations
N, +N,"=2N N,+N,=0
N+N, =N, N,"=N,'=N
N.’+N,_=>N,_. N, =N, =N

Table 2.2. List of the populations of the positive and
negative values of three arrays; k=, 8% and k!¥
(j=1,2.......2N) and their relationship in both the Laue case
(transmission) and general case in which the Bragg case
(reflection) is included.
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Fig.2.1. Dynamical diagram of Fig.2.2. Diagram illustrat-

dispersiocn surfaces in vacuum ing the continuity of
and boundary match in reflection current flow along the
casa. boundary.

Bragg Case
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Fig.2.3. Illustration of the relation between the current flow
and wave vectors of excited Bloch waves in both transmission
and reflection cases. S: current flow. k': wave vectors.
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Fig.2.6. Calculated results for GaAs(00l1) with the incident
beam along the [010] azimuth with a tilt of 42mRad for 100keV
electrons: (a) intensity map of reflected wave; (b) intensity
map of the Bloch wave in the crystal; (c¢) diffraction pattern.



Chapter III. Consistency between the two approaches:

Bloch wave and multislice in both

transmission and reflection

3.1. Introduction

The physics behind electron diffraction in the Bragg case
has been discussed in Chapter II using the Bloch wave method.
This was accomplished by the introduction of the concept of
current flow, which demonstrated the validity and usefulness
of the method for understanding electron diffraction in the
Bragg case. However, the basic limitations of the Rloch wave
method do not drop out so easily; when a large number of beams
are used, the computation speed is slow, and the method is
also not readily available to simulate surface defects.
Various alternative methods have therefore been proposed as
discussed in Chapter I. These different methods must be
consistent with each other, if they are correct. This suggests
that it is not only necessary but also possible to combine
different methods and let their advantages work together to
provide more powerful approaches. In addition, investigating
the consistency between different methods can provide a clear-
cut mutual proof of the wvalidity of the methods and the

combination between them may reveal more physical information

65
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about electron-crystal interactions and will undoubtedly make
electron reflection theory stand on a more solid foundation.

In this chapter, the consistency between the two most
mature and well developed computation methods in both the Laue
case (transmission) and the Bragg case (reflection) is
discussed both analytically and numerically. First, a more
rigorous analytical derivation of the multislice formulation
is attempted by introducing the Rayleigh-Sommerfeld
propagator. Second, the consistency in the Laue case as a
necessary precursor to the reflection problem is investigated
numerically. Then the result of combining the Bloch wave and
multislice method in the Bragg case is analyzed numerically.
It is shown that the solution of the Bloch wave approach plays
two roles: on one hand, it is the incident wave for further
multislice iteration; on the other hand, it is a trial
function for a Picard iteration which produces a stationary
and convergent solution. Finally, the results are compared to

the ones obtained using the approach of Peng and Cowley [1].

3.2. From the Schrodinger equation to multislice

3.2.1. Physics of multislice

One of the ultimate objects of theory development is the

unification of different approaches to the understanding of
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the universe, which led A. Einstein to desperately try to
unify four kinds forces for more than 30 years. This is also
true in the field of electron diffraction. The Bloch wave
method is a direct application of the Schrodinger equation to
electron diffraction, which may provide physical deep insight
into electron diffraction. In contrast, the multislice method
was first developed in a quite different way using a physical
optics approach.

When light propagates in a medium, it experiences two
kinds of phase variations if the medium has no absorption and
the scattering is considered as elastic: a phase shift caused
by medium wariation which is described by the optical
refractivity of the medium and a phase shift caused by
propagation which obeys Huygen’s Principle. These two
processes are separated in usual optical systems, because the
medium is considered as homogeneous and the refractive index
only shifts at the boundaries. For an optical system with a
series of thin lenses, using the Fresnel approximation, the
relation between the incident and outgoing wave is given by:

Ye={... [y *exp(i2mox") ].exp(i2nf.x*) ...
exp (12nB.x7) } *exp (i2wo)’) . exp (127P.x%) (3.1)
where o is the propagation coefficient, B the cocefficient of

phase shift caused by the medium. Here, the refractive index
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shifts only at the boundary between vacuum and the lens,
otherwise the wave propagates homogeneocusly. For wave
propagation of a fast electron in a solid, the solid can no
longer be considered as homogeneocus, because of the short
wavelength of fast electrons. Moreover, what we want to know
is just the inhomogeneous structure of the solid through the
interaction batween the electron wave and the solid. Although
the separation of the two different processes therefore is
impossible in a macroscopic sense, it is still feasiblae at the
microscopic level by applying a differential approximation and
then physical optics is still applicable. This is the basic
physical background of the initial development of the
multislice approach by Cowley and Moodie [2-3].

By analogy to a series of lenses, the bulk material is
sliced into a series of thin layers with thickness Az and then
treated as a series of planes onto which the potential of the
slice between 2z and z+Az is projected. These planes are
separated by vacuum gaps (Az) which do not necessarily
correspond to any specific spacing of crystallographic planes.
The phase shift of the electron wave passing through a slice

is given by:
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z +Az

q(x,y)=exp[ic} ¢(x,y, z)dz]=exp[ioQ, (x,y)Az] (3.2)
zn

where @(x,y,z) is the potential distribution of the solid,
Q. (X,¥) the mean value of the potential in the region between
z and z+Az and o=2mmA,/h*. If the Fresnel approximation is
applied, the phase shift resulting from propagation between
slices is given by:
P (%, y) =exp [i2nk (x*+y?) /2Az] (3.3)
Thus the wave function for the n+lth slice is:
Yo (X, ¥)=[Y (%, ¥) *pP(x,¥) ] .q(x,¥) (3.4)

where "*" denotes a convolution and "." a multiplication.

3.2.2. Analytical relation between the Schrodinger equation

and multislice

As far as the physical background of the two approaches
is concerned, it seems difficult to find both physical and
analytical relations between the Schrodinger equation and
multislice formulation, because the nature of quantum
phenomena is quite different from that of electromagnetic
waves. However, the wave nature is common, for which Huygen’s
Principle is universally applicable as long as the medium is

homogeneous, and the results of any wave-medium interaction
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are no more than either phase shifts or amplitude variations.

The first rigorous analytic derivation of the multisglice
formulation from the Schrodinger equation was given by
Ishizuka and Uyeda [4] and was based upon five approximations:
i) Separation of the wave function: y(r)=exp[il2rnk.r]o(x)

ii) Fresnel approximation

iii) No back-reflection approximation
iv) Stationary phase approximation

v) High energy approximation

It can be proved that the first two approximations are
not only unnecessary, but also inaccurate.

In the Bragg case, the wave field in the plane
perpendicular to the beam has two domainsg: vacuum and crystal.
The assumed form of the wave field does not have any clear
rPhysical and mathematical background. The Fresnel
approximation is not wvalid in the multislice approach,
although so far it is widely used in the 1literature (but not
in numerical programs). The condition for the Fresnel
approximation is given by [5]:

Az>> (mpt/A) &Y (3.5)
where p is the maximum radial extent and A the wavelength of
incidence electron. The typical value in multislice is p=3.0A

and the wavelength of 100keV electron is 0.037A. Then we
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obtain:
Az>>19A

This slice spacing value is far beyond the limit (=~14)
required for the validity of stationary phase approximation
and the elimination of "upper line effects".

Here, a more rigorous and general derivation of the
multislice formulation from the Schrodinger equation is given
by introducing the Rayleigh-Sommerfeld propagator [5], which
ig wvalid in all space. The time-independent Schrodingex
equation in differential form is written as:

(V+k*) y(z)=(2m/b*) V (z) y () (3.6)
where k is the incident wave vector, V(rz) is the potential
energﬁ, and r=(x,y,2). (3.6) can be converted into an integral

form:

v (z) =exp[ik.z]-(2m/4mh) I G(z-z/)V(z’)y(z’)dz’ (3.7)

where G is the Green function. Referring to Fig.3.1, the real
space veactor r can be subdivided into two components as far
as the wave field in the plane perpendicular to the z axig is
concerned. r=(g, z) and =x'=(g’',z’) where g=(x,y) and
g’=(x’,y’). Then the Green’s function can be written in the

form of the Rayleigh-Sommerfeld propagator:

pl(g-q’,z-z")y=(1/iA)G(g~-gq’, z-zZ’)
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expl[i2nk (z-z’) (1+|g-q’ |3/ (z-2’)?) */D]

(3.8)
iA(z-z’) (1+|g-g’ |/ (z-2z’ )?) /™

Let 2m/4nh=(i/hv) (1/iA), where v is the velocity of the

incident electrons. Therefore, we have:
V() =exp[i2mk. (9,2)]+(~i/hV)II V(g 2 ) W(g’, 2 )x
p(g-9’',z-z’)dg’'dz (3.9)
The Fourier transform of the R-S propagator is [5]:
F {p (g, z) }=exp[i2nkz (1-Ag™) */? =P (q", z) (3,10)

where q" refers to reciprocal vector in the plane at z. P(g,z)

as a propagator satisfies:

plg-g’,z~-z’ )=Ip(g-g", z-z")p(g"-q’,z"-z")dg" (3.11)

Equation (3.11) can be proved as the following: Taking the

Fourier transform on the right side of (3.11):

FS{I P(H-S“I z_zll)P(g"_gl ’ zll_zl )dgll}

=P (q",z~z")exp(ig’ ,g)P(q’, z"-2")

=F5{_" rP(g-gq’,z-z'}

Similarly, we have:




73

exp[i2nk. (g, z) 1=j exp(i2nk. (q,,z2.)Ip(a-9,,z-2,)dg, (3.12)

Therefora, referring to Fig.3.1l, we obtain:
4+0c0

y{g, z)=exp[i2nk. (g, z) ]+ (—i/hv)! dg’J‘ dz’x

vig’',z')y(a’,z’')p{a-a’,z-z') (3.13)

If the approximaticn of no back reflection is applied, we

have:
z
y{g, z) =exp[i2nk. (3,2)]+(—i/hv)j ds’j dz’x
V(S"Z')‘F(S'rz')P(Q"Q'zz—z') (314)
and
2z

y(g,, z,)=exp[i2nk. (q,, Z,) ]+(—i/hv)j dg"-" dz"x
vig", z")y(g",z")p(g,-q", 2,-2") (3.15)
Equation (3.14) and (3.15) simply mean that the wave-medium
interaction on the region where the z coordinate is larger
than z, or z, will have no effect on the wave fields yY(g,z)

or y(ga,,z,) . Then,

y(qa, z)=I exp[i2nk. (g9,,z,)1p(9-9., 2-2,)dg,
S

-]
zo

+ (_i/hv)J. dguJ‘ dz"v (gn’ zu)w(gn’ z")p(g-g", z_zn)
v —oa

I
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z
+(—i/hv)j ds'j dz’V(g’, 2z’ )y(a’ ,z' ) pla-a’ ,z-2' )
Iz zo
=\ y(a.,z,)P(9-9., 2-2,) dq,
.S°
z
+ dg'J.dz'V(g',z’)wTQ’,z’)p(g—g’,z—z’) (3,16)
V. "z,

Equation (3.16) is also a standard Volterra equation of the
second type, which can be solved as a Picard iteration and
always converges over a suitable interval (z,,z). There are
two important features of (3.16): i) the wave function is in
general form and ii) no restriction is imposed upon the form
of potential V(x’) in the region between z, and z, which is
important in extending the derivation to the Bragg case in
which both the wave function and crystal potential are non
periodic districted functions. Egquation (3.16) can be
expressed as a successive approximation. Let:

V(g 2) =X, .C™0, (g 2) (3.17)

where c=(-i/hv). Substituting (3.17) into (3.16), we have:

zh-o,-cnun (gl z)"—"J‘ W(gor zo) P (g-snl z-—z,) dgo

Lds j dz’'V(a’, z’ )u.(q’, 2’ )pa-a’ , z-z’ ) dg’
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Comparing the coefficients of the same order of ¢ on two

sides, we obtain:

uo(s,z)=j v(a., z.)p(9-4., z-2,) dg, (3.18)
and
zZ
u,.(q, z)=I dg’jdg'v(g' F27)u (g 27 )P(g-g9’ . 2-2’) (3.19)
vII o ’
For n=1,
z
u, (g, z)=J. dg’Idz’V(g’ (27 )u (a’ 2z’ )pl(g-q’ ,z-2") (3.20)
Vn zo
z
=I dg'J. dz'V(g’,z’) [I v(g,,z.)p(g’ -g,,2’'-z,)dg,lp(g-q’,z-2")
Ve z, 5,
- 4
=I dg.w(q., zo)j. dZ’I dg’'v(q’,z’)p(g-q’,z~z')p(9’ -4., 2-Z,)
S, z, Vi

The integral I in (3.20) can be simplified if the stationary
VII
phase approximation is applied [6]. Referring to Fig.3.2,

I is given by:
Vi

I da’'v{(g’,z’)p(g-gq’,z~z')p(q’'~-g,, 2’ -2,)
VII

=V[((z'-z,)g+(z-2’')q,)/(z-2,), 2z’ ]I p(g’'-g9.,z-z,)p(g-q’',2z-2")dq’

=Vi((z'-z))a+(z~2')q,)/ (z-2.), 2z’ ]p(g-q,, 2-2Z,) (3.21)

It can be proved geometrically that the propagation function
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in I ; pla-gq’,z-z")p(q’ -q9,, z-2,) has stationary phase at the
vII
point r '=[((z’'-z)g+(z-2")q,)/(z-2,),2"] (Appendix 3.1,Fig.3.2)

and then we obtain:

J' vVig-z’)p(g-g’,z~-z’)p(a’'-q,,z-2,)dg’
v'.u:
=V[((z'-z,)g+(z-z")q)/(z-2,) lp(g-gq.,z-2,) (3.22)

Then,

u, (g, z) =I da,y(d., z,) P{d~9,, 2-2%,) X
S
z
Idz’V[ ((z'-z)g+(z-2")q,) /(z-2,),z'] (3.23)
=

o

o

For the case of the high-energy electron scattering, the
scattering angle ® is much smaller than 1. So the region of
interaction between the wave at (g,,z,) and medium potential
during forward propagation is strictly located in the ccne
with the cone apex angle @ and the cone axis 1l:=(q,,z,)MN{(q., z).
Therefore, the potential should be projected along the line
1. instead of line r.r. Then,

z

u;(g,z)=_[ dga(J' dz’'V(g,, z') ) W(q., z.) P (a-a., z-2.)
S z

=_|' v(g,, z)¥(g, z.) p (a-q.) da, (3.24)
S
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The principle of the derivation from (3.23) to (3.24) is the
separation between the scattering and propagation of a wave.
The wave-medium scattering is coincident with the wave
propagation along the line r,r in (3.23), while only the
scattering along the line 1, is considered because of the high

energy approximation. The stationary phase approximation is

based upon the fact that the value of integral I ("scattering
vII
-propagation integral"), largely depends on the localized

potential. When n=2 for (3.19), we have:

z
u, (g,z)=j dg’J' dz’'v(q’,z')u, (g’ ,z")p(g-g9’ ,2z~2")
Ve | Z,
z -
=I dg'f dz'V(a’,z') [ dgo.j dz"V (@, 2"V Y (Q,, Z,) PG’ -, 27 ~2.,) ]
Vi 2 S,
xp(g-q’,z-z")
z
=I dso-j ds’j dz’'v(g’,z')v(g,, z’)y(q,, z)p(a’' -4, 2" ~-2,)
S, Ve Z,
xp(g-q’,z-z’)
z

= dHo-J- dz’ V(g,,z’)v{(g9.,2")¥(4., 2.)P(9-9., Z2-Z,)
So zo

=f a1 (1/2)v(a, )1 via, 2. pla-q., z-2.) (3.25)
s,

Then,
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u,,=I da,[ (1/n')v(q,, z)"1¥(q., 2.)p (44, Z-2.) (3.26)

S,
Substituting (3.18), (3.24-26) into (3.17), we have:

w(g,z)=J. [Xomo, . (-i/BV) v (g, 2) /0 ]Y(d,, 2,) P (9-9,, 2-2,) dg,
(S

=I expl[(-i/hv)v(g,,z)lv(g,,z,)plg-q,, z-2,)dg. (3.27)
S

-]

z

where v(g,,,z)=I V(g,,z')dz’ is the projected potential.
zo
Equation (3.27) can be written in the form of convolution:

V(g 2) =[¥(g, 2,) -9(Q, 2-2,) 1 *P (Q, 2-2,) (3.28)
z
where q(g,z-z,)=exp|[ (-i/h)I V(g,z’)dz’] and * denotes
zo

convolution. If z =z, z=z,, wa obtain:

W(g’ zn-u) = [“l‘rn (SI zn) . qn (g' znﬂ.-zn) ] *P (Sr =n+1_zn)

or,
Voo (D) =¥, () - 2. (2) 1 *P () Z.01—20) (3.29)
This is nothing but the multislice formulation due to Cowley
and Moodie [2-3]. From (3.6) to (3.29), the derivation clearly
shows the equivalence between the two approaches. However it
igs conditional. When V({g,z) varies slowly along the z axis on
the range (z,,z), (3.28) can also be approximated as:
v(g,z)=Iy{g,2) .q(g,z-2,) 1 *p(q, z-2,) (3.30)

Replacing z, by z is not only an approximation, but also a




79
major change of the problem. (3.30) is an equation with an
unknown function, which is a simplified and numerically
feasible equivalent of Equation (3.16), instead of a
successive solution at different thicknesses as given by
(3.28) or (3.29). As noticed, the solution of (3.30) is
independent of z on (z,,2z) and only depends upon the property
of V(b,z) on (z,,z). Obviously, this is meaningful only when
the true solution of (3.16) is independent of z and V(b,z}) is
periodic along the 2z axis., Fortunately, electron diffraction
in the Bragg case fulfills these conditions. The independence
of z for the wave field in the Bragg case has been proved
analytically in Appendix 3.2. This also offers convenience for
the consistency investigation in the Bragg case, as will be
shown later.

The solution of. (3.30) can be solved by the Picard

iteration similar to (3.16):

y(g, z)=lim Y, (g, z) (3.31)
n--joc
where
WVanr (SI z)= [Wn (Hl z). Q(Sf z_zu) ] *P (gr z-zo’ (3 . 32)

Equation (3.31) shows how to obtain the wave field at (g, z).
while Equation (3.29) solves the wave field at (g, z..,), if the

wave field at (g,z,) is known. They are equivalent in the
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Bragg case, for which the wave field is independent of z and
the crystal potential is periodic along the z axis. In other
words, solving the wave field at the thickness deep enough by
a2 multislice iteration is equivalent to solving the

Schrodinger equation by a Picard iteration.

3.2.3. Validity conditions for x_nultiél__.g:g iteration

Referring to Appendix 3.1, the wvalidity condition of
(3.29) can be expressed as:

6r’*/AAz21 (3.33)
where r’ is the distance over which the potential is
considered not to vary appreciably, A the electron wave length
and Az the slice spacing. This is the condition for the
validity of the stationary phase approximation. Equation
(3.33) imposed a restriction simultaneously on the property
of incident electrons (A), the property of the medium (r’) and
the set-up of slices (Az).

Another validity condition imposed on the parameters Az
was given by Lynch and Goodman & Moodie [7-8)], which was
called "upper line effects". This argument is mainly based
upon the consideration of optical propagation. The propagator
in reciprocal space is given by:

P (h, k)=exp[i2nAzA |4, ]*/2]
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=exp[i2np (h, k) Az] ‘ (3.34)
where u,, is the reciprocal lattice vector for a specific beam
(h,k) and @(h,k)=A|u,|?/2 is the excitation error of the hk
beam for the Ewald sphere of radius 1/A. As the magnitude of
a particular @(h,k) approaches 1/Az in (3.34), the phase shift
during the propagation of this beam with respect to the
central beam approaches 2n radian. This means that the major
value of the phase (0<6<2x7) in the propagator can no longer
indicate the phase differences for all orientations. Thus,
this particular beam will be artificially reinforced and
becomes one due to upper line in the reciprocal lattice
corresponding to the planes with ¢ spacing of Az. In other
words, the effect of the beam is confused with that of beam
(0,0,¥1/Az). This occurs because of Az being taken as a finite
value. In a medium, since Az—0, the phase differences between
different beams caused by propagation must be located in the
region of major value. To avoid this undesired effect, the
condition is:
¢ (h, k) Az<1l
or
Az<1/@(h, k) (3.35)
In the usual usage of multislice, (3.33) and (3.35) are

consistent with each other, although the physical backgrounds
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are not related. In most casas, (3.35) is a little more
raestrictive than (3.33).

As an example, for an incident energy E=100keV,
(A=0.0378), sampling rate 10/A (d=0.13) and |ugy,..]=5V2A%,
(3.33) gives:

Az<6r’2/A=1.62A
and (3.32) gives:

Az<2/A|u,, |?=1.084A
These two numbers are close to each other and the applicable
slice thickness Az,, for 100keV electron is about 1A. The
higher the energy of the incident electron, the larger the

slice thickness Az,,.

3.2.4. Normalization

" No matter whether y(r) is normalized or not, both (3.6)
and (3.29) are valid. If y(r) in (3.6) is normalized over the
whole 3-D space, so 1is wy(g,z,) in (3.29). However,
numerically, the normalization consistency between the two
equations becomes more complicated. For the Bloch wave method,
the wave function is expanded as plane waves in reai space.
The number of plane waves is finite in a numerical treatment:

Y(z) =XomC, P expli2n (k¥ +q) . ] (3.36)

The normalization of y(r) in the whole real space leads to the
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normalization in a finite reciprocal space:
Ym 1 1%=1 (3.37)
If the =zero Laue zone approximation is applied, the

normalization is over a finite area in the reciprocal plane

z=0. For (3.20) and (3.29), the integral I and the
. S,
scattering-propagation integral I are considered as over the

Vi
whole two dimensional space. V,(q,z) can be normalized in

reciprocal space as it is in (3.34). But, the convolution in
multislice iteration cannot be applied to the whole of real
space. A full real space convolution in 2-D in (3.20)
corresponds to a reciprocal space multiplication. If wy,(g,z)
and q(g,z-z,) are band limited, the multiplication in the
reciprocal space can be reduced down to a finite area.
However, VY, (g,z) and g(g,z-z,) are not necessarily band limited
functions. A phase grating function is not band limited
because a wave is usually scattered by crystal potential in
all directions. These intensities scattered into the region
outside the calculated area are artificially cut off in each
iteration. This is called the "overflow effect" [9]. However,
as long as the number of beams calculated is big enough, the
multiplication in reciprocal space for a finite area in (3.29)

can be close to the convolution over the whole real space in
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(3.20). But the successive intensity reductions during the
multislice iterations can accumulate, which can affect the
consistency between Equations (3.6) and (3.29). A way of
golving the problem is to impose normalization of the wave
function in reciprocal space after each iteration. That is:
Vo (Dr Zona) =Ca VL (G, 2.) 9(Q) 20— 2,) 1 *P (D) Zan-2Z) (3.38)
where ¢, is a normalization constant. We then have:
Voo Tl uCs [V e - - 1a.*p. (3.39)
Obviously, Il ,c, only affects the total intensity of wave
field vy,,, but not the intensity distribution.

To summarize, Equation (3.38) is analytically consistent
with (3.6) under the conditions (3.33) and (3.35), if the
successive normalization in (3.38) is carried out during the
numerical iterations. The form of the potential in the phase
grating q(g,2..,-2,) and the wave function y(g,z,) are not
restricted, which is important for the Bragg case because
diffraction in the Bragg case is basically a boundary
phenomenon in which the potential is non-periodic and

truncated.

3.2.5. Numerical develocprment of the combination of the Bloch

wave and multislice

The consistency between the Bloch wave method and
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multislice formulation has been proved analytically in the
previous sections, which clearly shows the possibility of
combining these two approaches to make use of the advantages
of each. The scheme of combining the two approaches is shown
in Fig.3.3.

The calculation consists of two blocks: one for the Bloch
wave calculation and another for the multislice calculation.
The Bloch wave calculation for the Bragg case has been
discussed in detail in Chapter II. The Bloch wave block is
operational in both the Bragg case and the Laue case since the
Bloch wave calculation for the reflection requires the
solution in the general cases. The only difference is the
angle of the incident beam with respect to the entrance
surface. The block for the multislice calculation is based on
the multislice program by L. D. Marks, which 1is the
computation utility for high resolution THEEM simulation at
Northwestern University. This block alone is also operational
in both the Bragg case (the method of Peng and Cowley [1]) and
the Laue case. The input to the multislice block is the output
of the Bloch wave block. The software is operational in six
different calculation modes (Table 3.1) and various output

data can be obtained from the calculations in different modes.
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3.3. Numerical investigation of the consistency between_ the

Bloch wave method and multislice method in transmigsicn

To make the two different approaches work together, it
is important to investigate the consistency between them. One
should know whether they are consistent and for what
conditions they are consistent. Since in the Bragg case, it
is difficult to reach a stationary solution by the multislice
method, it is tactful to investigate the consistency betwean
them in the Laue case as the first step, which, in addition,
can also offer information about the reliabiliﬁy of the
programing. This was early done by Self et al.[9], which is
reconfirmed here and more details are provided in the

following sections.

3.3.1. Effects of the number of beams

One way of evaluating the consistency between the two
methods is to plot the amplitude and phase of several low
order diffracted beams obtained from the two methods against
the thickness. The consistency between the two different
approaches can be well presented by the consistency between
these curves.

The results for the Bloch wave calculation and multislice

calculation are shown in ¥Fig.3.4 (i-vii), which show a series
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of comparisons between the two methods for different number
of beams. The calculation conditions are as follows: gold is
taken as the simulation system, with the incident beam
perpendicular to the [010] zone and an incident energy of
100keV. A couple of points should be mentioned:

i) The oscillation periodicities of both the amplitudes
(extinction distance) and the phase for different beams are
systematically a little smaller than those reported by Self
et al. This is mainly due to different ways of calculating
the scattering factors; the parameters for X-ray scattering
factors were used in current calculations. The error arising
"from this term was recently discussed by Peng and Cowley [10].
ii) The sign of the phase in current results is opposite to
that of Self et al.. This is more likely due to a different
choice of zero reference point--here the transmission beam is
taken as the reference point.

iii) The number of beams for both methods does not take the
forbidden beams for the fcc structure into account, therefore,
for the case of 3x3 beams, the actual number of beams
calculated is 5x5 in the multislice calculation.

iv) The differences between the Bloch wave method and the
multislice method are significant when only a small number of

beams are included in the calculation. The reason for these
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differences is the "overflow effect" as discussed in Section
(3.2.3). The wave distribution will be strongly affected for
a small number of beams and the normalization at each slice
can not solve the problem since ¢, in Equation (3.34) only
deals with the total intensity. Nevertheless, the extinction
distance of each beam for the two methods is the same no
matter how big the divergence between the curves calculated
by the two methods.
v) In the current calculation, the largest number of non-
extinct beams is 21x21. In other words, the largest total beam
number is 41x4l. The corresponding sampling array in real
space is set up as 64x64. This is in the range that the
sampling theorem requires. For the case of a smaller number
of beams in reciprocal space, the sampling rate in real space
is better than that the sampling theorem requires and the
aliasing effect is even smaller.

It is important to examine the convergence of both
methods. Fig.3.5 shows the charge density at wvarious depths
for both methods as a function of the number of beams used.
The figqure clearly shows that the consistency between the
Bloch wave solutions with 13x13 beams and the multislice
solution with 21x21 beams is significantly better than that

between the Bloch wave sclutions and the multislice solution




89
both with 13x13 beams. To be more quantitative, Fig.3.6 shows
plots wversus thickness of a parameter R(t), where R(t) is

defined as

z:,y[IbL (xl Y) -Ilj (xl Y) ]2
Ry (E)= (3.40)
z:,bei (xl Y)z

where I, and I,, denote the intensities calculated from the

Bloch wave method and the multislice method respectively, t
is the thickness and the subscripts i & j denote the number
of beams. The curves show that when the number of beams is
larger than 11x1l, the quantitative agreement is excellent.
The ‘flattening of the curves means that the methodical
differences between these two approaches plays a smaller role
with increasing number of beams, and the numerical errors are
the major reason responsible for the deviation. Fig.3.7 shows
values of a convergence parameter C(t) versus thickness for

different numbers of beams, where C(t) is defined as:

Py Tu(x, ¥) ~T (%, ¥) |
Ca(E)= (3.41)
E‘,y' I-(xl Y) +In (xl’ Y) I

where I, and I, denote the amplitude of each poinf in the
image, subscripts m and n denote the number of beams for the
calculation. The results in Fig.3.7 shows that the magnitude

of Cy.,(t) for the Bloch wave calculation is close to the
13x13 :
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magnitude Cﬁﬁgtt) for the multislice calculation. This
indicates that the Bloch wave calculation converges for a
smaller number of beams than the multislice. But it is not
significant enough to reduce the disadvantage of 1low
computation speed. The curve of nglct) demonstrates that
the multislice calculation converges well enough when the beam
number is larger than 17x17. Compared to &ﬁﬁﬁﬁ(t)’ it can be
seen that the results of both methods converge to the true
solution with increasing number of beams. The monotonic

increase of C(t) with the thickness is due to numerical errors

accumulating in the direction of wave propagation.

3.3.2. Effects of higher order Laue zones

Since the Bloch wave calculation is currently limited by
computation speed, it is difficult to take non-zero Laue zone
diffraction into account. The whole unit cell is préjected in
the direction of the incident beam onto the zero plana.
Therefore, to reach consistency between the two methods, the
phase grating in multislice was constructed in an equivalent
way; the unit cell of gold projected onto the zero plane in
the direction [010]. Since "upper line effects" become more
serious and the stationary phase approximation is broken for

large propagation spacing in multislice calculation, the slice
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is subdivided into four subslices in order to reduce
propagation space. Each of them contains one fourth of the
projected potential of a full cell and corresponds to one
fourth of the ¢ spacing of the conventional unit cell
(1.01244) .

In the multislice calculation, there are different ways
of subdividing one unit cell and the occupancy of each atom’
in the unit cell can also be subdivided into different slices.
All these operations may lead to the higher order Laue zone
effects involved in the calculation. However, these treatments
are only a rough approximation to the effacts of higher order
Laue 2zones. True representation of them needs three
dimensional sampling, which makes the multislice approach
infeasible. The effects of the higher order Laﬁe zone were
investigated by Lynch [7] qualitatively in 1971. The effects
are currently excluded £from the calculation, which is
justified by the low excitation intensities of higher order
Laue zone in the high energy case.

The effects of the slice thickness has been discussed in
Section (3.2.3). The inequalities (3.33) and (3.35) provide
an estimated value for the slice thickness of about 1lA. For
gold, c=4.08A. If it is subdivided into four slices, then

Az=1.02A, which is proper for the multislice calculation.
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3.4. Numerical investigation of consistency in reflection

For reflection, it is difficult to investigate the
consistency between the Bloch wave method and multislice
iteration since it is difficult to obtain and verify a
stationary solution from the multislice iteration. However,
because the wave field both inside and outside the crystal in
the plane parallel to the zero Laue zone is stationary in the
Bragg case (Appendix 3.2), this provides an alternative way
of studying the consistency in the reflection mode: taking a
symmetric incidence condition for convenience and
investigating the variation of the wave field in the direction
of the incident beam. The important point here is that the
variation of the wave field during the multislice iteration
not only indicates the degree of the consistency between the
two methods, but also reveals the extent of the convergence
to the true solution in a crystal with a surface potential in
the Bragg case. It is more important that the consistency and
convergence of the two methods provides a strong mutual proof
of the validity of the two methods and the combination of the
two.

For the case of reflection there are two basic
differences between the Bloch wave block and the multislice

block: one is methodical difference and another is the
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difference due to the surface truncation i.e. the zero surface
potential approximation in the Bloch wave calculation. The
former has been investigated both analytically and numerically
in Section (3.2) and (3.3), and the latter is new for the

Bragg casae.

3.4.1. Dnit cell

The unit cell set-up for the Bloch wave calculation in
the reflection case is not very much different from that in
transmission. The only difference is that to reduce the effect
of the surface truncation, the surface should be between the
atomic planes rather than in the atomic plane. To achieve
this, the boundary is fixed at zero and the unit cell is moved
into the crystal along the z axis by a quarter of the c¢
spacing as shown in Fig.3.8(i). .Note that we are using the
conventional notation of the z axis as normal to the surface.
The one dimensional potential plotting along the z axis shows
the deviatign of the surface potential in the Bloch wave mode
from that in a real crystal. To be consistent with the unit
cell set-up for the surface simulation in a multislice
calculation, the wave field is constructed in a large unit
cell, which has a size of l6axla (a denotes the magnitude of

lattice parameter of gold, and the wave fields are displayed
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in a size of 8ax2a). For the case with no absorption, the
right half of the cell is for the Bloch waves in the crystal
and the left half for the reflected wave in vacuum. When an
abgsorption of 10% is included, the crystal wave rapidly damps
in the crystal and the surface can be set further towards the
right. Here we set the surface position such that the crystal
occupies a quarter of the unit cell on the right and the
reflaected wave three quarters on the left along the z axis.
This can further reduce edge effects in the multislice
calculation. For the multislice part, the unit cell is similar
to that used in profile imaging and has the same size as the
unit cell for the Bloch wave: 1l6axla, although the wave is
also displayed in the size of 8ax2a (Fig.3.8(ii)). Each atom
in the slice was moved a distance of a/4 into the crystal to
align with the position of the corresponding atom in the Bloch
wave calculation. The full unit cell is projected along [010]
and then subdivided 4into four identical slices, each
containing one fourth of the projected potential of the full
cell and of thickness 1.0128A. The size of saﬁpiing array for
the multislice calculation is 1024x64.

In the following sections, the results as a function of
the incident angle, number of beams and absorption are

analyzed.
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3.4.2. Effects of absorption

To investigate the consistency and convergence of the

solution, a deviation parameter was defined as:

X‘,y[It (x,y)-I,(x,y)]*
D(t)= (3.42)

2 Io(x,¥)°

where I, denotes the intensity of the wave field calculated by

the Bloch wave method and I, the intensity of the wave field
output calculated by multislice iteration. The magnitude of
D(t) reflects the consistency of the solution while the
derivative of D(t), dD(t)/dt indicates the convergence of the
solution. We also apply an intensity analysis by using the
convargence parameter defined in (3.41l) for the reflection
case. In order to avoid undesirable edge eaeffects, the
intensity analysis is only applied to the central half of the
wave field for the case with no absorption and the right half
for the case with absorption. A convention of referring to the
output of the Bloch wave program as the thickness t=0 is
adopted.

Fig.3.9(i) shows the current density output at different
thicknesses up to 607.5A for an incident angle of 25mRad,
absorption is not included. The beam geometry is: the [010]
zone is taken as the zero Laue zone; the surface normal is

coincident with the z axis; the incident beam azimuth with
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respect to yz plane is zero. The plane of the figure is
parallel to the zero Laue zone. The number of beams calculated
in the Bloch wave is 13x13, located in the region +2x+2A™ in
reciprocal space. Fig.3.9(ii) shows the plots of the daviation
parameter D versus thickness, while Fig. 3.9(iii) shows the
pPlots of convergence parameter C, whera (R.W.) denotes the
reflected wave, (B.W) the Bloch wave in the crystal and (T.W.)
the total wave. The first slice in Fig.3.9(i) is the wave
field output from the Bloch wave calculation and its thickness
is taken as: t=0A. The spacing between the two closest slices
is 504,

For absorption, the commonly used phenomenological
treatment was applied for both the Bloch wave calculations and
the multislice calculations. The crystal potential in
reciprocal space igs taken as complex with an imaginary part
equal to 10% of the real part.

Fig.3.10 shows the results for the same conditions as
those for Fig.3.9, except that an absorption of 10% is
included. Comparing Fig.3.10 with Fig.3.9, one can easily find
that the wave field in the crystal decays sharply for the case
with absorption, while it extends deep into the crystal for
the case without absorption. However, the reflected wave is

not affected seriously by absorption. The corresponding plots
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of D and C against the slice thickness shown in each figure
indicate that including absorption can greatly improve the
consistency and convergence as mentioned before. This is
largely due to reduction of edge effects. The cross points in
Fig.3.9(ii) and (iii) at about 500A indicate that the adge
starts moving into the analyzed area. The edge has more
serious effects on the reflected waves than the crystal waves.
Fig.3.10(ii) shows that the D parameters for the three wavas
converge to 0.5% after 600 slices, whilae Fig.3.10(iii) shows
that the convergence of the C parameter for the crystal wave
is a little better than that for reflected wave, which is
mainly due to the different effects of the edge on the two
parts. The C parameter can never be zero since ﬁhe numarical
errors can never be eliminated. The reason for the larger
scale of C, compared to D, is because C is a first order
parameter while D is a second order parameter. The plots of
D and C parameters for the crystal wave often start worse and
end better, compared to the reflected wave. This is bacause
the methodical errors are more important initially and later
on will drop off and the numerical errors become important.

The former is usuvally larger than the latter.

3.4.3. Effects of the numbar of beams
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When the number of beams calculated in the Bloch wave is
changed, both the consistency and convergence will be
affected. Fig.3.11 and 3:12 show results for the same
condition as in Fiqg.3.10, except for a decrease in the number
of beams f£rom 13x13 to 9x9 and 11x11 respectively. The images
do not look very different from those for 13x13 beams.
Nevertheless, the D and C parameters clearly indicate the
effects of the number of beams, although it is not very
gignificant. Fig.3.11(ii) shows that the D parameters of the
reflected wave and total wave for 9x9 beams case do not
converge well, although those for the crystal wave are not
affected significantly, increasing from 0.5% to 0.55%. The
behavior of the D and C parameters of all three waves for the
11x1l1l case are significantly better than for the 9x9 case. The
D parameter of reflected waves for the 1lxll case converges
to 0.3%, which is 30% smaller than that for the 9x9 case. A
reduction also occurs in C. It is interesting that the results
for the 11x1l case are even a little better than that for the
13x13 case. This is possibly due to numerical errors in the
Bloch wave calculation increasing with the number of beams,
since the number of calculations increases with the square of
the number of beams. This also shows that the number of beams

in the Bloch wave calculation required for the consistency and
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convergence for reflection is similar to that for

transmission: about 1ix1l.

3.4.4. Effects of incidence angle

Fig.3.13, 3.14 and 3.15 show the results for the same
condition as in Fig.3.10, except the incidence angles changed
to 25mRad, 30mRad and 35mRad respectively. A noticeable
feature of the wave field for small incidence angle (10mRad)
is that it concentrates in the top layer; note also that there
is a gap between the top atoms and the vacuum wave with low
electron intensity for 1l0mRad incidence. It should be pointed
out that this surface channeling is not the result of the
absorption since the calculation with no absorption gives the
similar results. The magnitude of both D and C parameters of
the reflected wave and total wave for 10mRad incidence
decrease considerably and these curves also converge well at
600A. However, the magnitudes of both D and C parameters of
the crystal wave for 10mRad increase significantly compared
to those for 25mRad. This possibly is due to the sharp damping
of the crystal wave, which reduces the area available for
intensity analysis. The magnitudes of both D and C parameters
of the reflected wave and total wave for 30mRad and 35mRad

incidence shown in Fig.3.14 and 3.15 appear not to be
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seriously affected by the change of incidence angle, although
the D parameters of the reflected wave and total wave do not
converge well at 600A. Nevertheless, D parameters of the
crystal waves in these two cases increase significantly with
the incidence angles, and the D parameter of the crystal wave
for 35mRad incidence even fails to converge at 600A and the
magnitude is larger than 2% at the same thickness. It appears
that the larger the incidence angle is, +the worse the
consistency and convergence are. There are two basic reasons
for this. First, in the multislice calculation, the
approximation is generally made that the phase grating does
not wvary with small changes of the incidence angle and all
effects of the changes of incidence angle are included in the
propagator. This error mainly affects the consistency and
convergence of the crystal wave. Second, when the incidence
angle increases, the interaction between the electron wave in
the vacuum and the surface potential becomes more important,
which affects the consistency and convergence of the reflected

wave.

3.4.5. Effects of surface potential

If one studies the wave field in the vacuum in ¥Fig.3.9,

3.10, 3.11 a 1little more closely, one can observe slight
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differences between the reflected wave in the first slice and
other slices. The analysis of both D and C parameters of the
vacuum waves has already shown the deviation of the solutiocns
in the multislice simulation from the Bloch wave solutions.
The major part of the deviation is due to the artificial
surface truncation in the Bloch wave calculation. However the
effects of the surface truncation in the Bloch wave
calculation is much smaller than we except, which is
consistent with the results by Howie (1988) [11], but contrary
to the conclusion of Britze et al.[12]. This merits further
studies.

The arguments given at the beginning of this section
proved that the multislice iteration in the reflection case
iz equivalent to a Picard iteration solution of the
Schrodinger equation in integral form. This means that no
matter how bad the trial wave function (the Bloch wave output)
is, the iteration must converge to the true solution in the
potential without surface truncation in the reflection case
since the surface potential is automatically included in the
phase grating in the multislice calculation. The small effect
of the surface truncation in the Bloch wave calculation
results in much faster converging speed in the multislice

calculation, which leaves more room for the simulation of
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surface features.

As mentioned before, the first slice (t=0A) is the Bloch
wave solution which plays two roles here: 1) the incident wave
field in the multislice; 2) the initial wave field in the
Picard iteration. It is obvious that the deviation should
first emerge in the area close to the surface and then become
stable and gradually spread out with increasing thickness,
since the surface potential decays exponentially with
increasing the distance away from the surface. In other words,
the convergence regarding the effects of surface potential
(since the accumulation of numerical errors during the
multislice iteration is unavoidable, the convergence can not
be considered as exclusively perfect) should also first emerge
in the area close to the surface. To demonstrate this more
clearly, the square of the differences between the two
nearest slices, F,..,{(q9)=[v(g, v.)-¥(q,¥.1)]*° was studied by
projecting F, _.,{(g) onto the z axis., In the coordination system
used here, the incident wave is along the y axis and the =z
axis points into the ecrystal surface. The projected
intensities of F,_,.,;(g) against z for 25mRad and 30mRad
incidence are shown in Fig.3.16 and 3.17 respectively. A peak
occurs just at the surface in the first curve of F,.,(g) in

each case, as the initial wave is scattered by the surface
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potential. The peak gradually movaes out and 2 range with a
flat and low intensity gradually increases with the iteration
n or slice number m. This becomes clear for m > 5 (n > 250)
i.e. after the fifth curve in Fig.3.17. The multiple peaks in
curves of F, ,,(gq) with 5 < m < 11 are probably due to either
oscillatory convergence of the Picard series, similar to the
convergeﬁce of the Fourier series, or the accumulation of
numerical error. They finally decay to a series of small
modulations. One important feature in Fig.3.16 and 3.17 is
that the convergence of the Bloch wave in the crystal is well
preserved.

The current results show that the effects due to the
surface potential on the reflected wave are not significantly
incidence angle related. The magnitudes of both D and C
parameters of the reflected waves in Fig. 3.10, 3.13, 3.14 do
not show a clear trend with the increasing of incidence angle.
This appears to be contrary to what one might expect; the
surface potential effects should become more serious for
larger incidence angle because of the stronger interaction
between the 1larger components normal to the surface of
electron wave and surface potential. This is worth further

studying both experimentally and theoretically.
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3.4.6. Comparison with the solution in multislice-only mode

When the program is shifted to tha reflection-multislice-
only mode, we obtain the results shown in Fig.3.18(i), (ii)
where (i) is the result without absorption and (b) is the
result with an absorption of 10%. Here, we are following Peng
and Cowley’s treatment: a plane wave smoothed by a Gaussian
function and towards the crystal surface is introduced into
the left part of the unit cell in the wvacuum. The tilt angle
is 25mRad. Both the wave reflected from the crystal and the
wave penetrating into the crystal in slices d,e and £ at the
areas close to the crystal surface have some correlation with
the true stationary solution 4in Fig.3.9, although the
deviation is still obvious. Due to the edge effects it
appears, however, that thé solution is unstable. If absorption

is introduced (Fig.3.18 (ii)), the result is not much better.

3.5. Interim summary

The consistency between the solutions of the Bloch wave
method and multislice method in both the Laue case and the
Bragg case has been reached with satisfactory accuracy. For
the Bragg case, an alternative way of investigating the
consistency between the two methods introduces a new view of

the problem, which both analytically and numerically shows
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that the multislice iteration in reflection is equivalent to
a successive Picard iteration that numerically leads to a true
solution of the Schrodinger equation in the crystal potential
without surface truncation.

The consistency between tha Bloch wave calculation and
the multislice calculation in both the Laue case and the Bragg
case has been studied numerically, such as the effects of
slice thickness, beam number and absorption. Studies of the
effects of the higher order Laue zone hawve not been carried
out because of high cost of CPU time for both the Bloch wave
and multislice calculations when including the higher order
Laue zone effacts. An approximate high order Laue zone effect
in the Laue case for the multislice calculation has been
investigated by Lynch [7].

It has been demonstrated that the Bloch wave solution is
close to a genuine solution of the dynamical reflection
problem, and even though there can be some errors due to the
effect of neglecting a surface potential, these can be
eliminated by using the multislice as a Picard iteration., This
later feature is especially important since it opens up a
whole range of different ways of calculating reflection
problems. As mentioned befora, the Picard solution 1is

unconditionally convergent, and we can expect that the speed
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with which it converges will depend upon how good the first
wave function is to the true solution. The resgults of
intensity analysis clearly indicate that the Bloch wave
solution is quite close to the true solution, and the effects
of surface truncation in the Bloch wave calculation are
unexpectedly small. Therefore, we can envisage solving
problems involving surface relaxations by using a solution
generated from a Bloch wave apprcach and then multislicing it
to convergence. Since the multislice is a fast approach, and
even faster if one utilizes array processors, this may be an
efficient method of 3solving many otherwise intractableae
problems.

Cne obvious problem is edge effects; multislice is not
a true numerical solution since it depends upon the
periodicity of the system, which leads to edge effects. One
can overcome these problems to some extent by using very long
unit cells as was done here. A more robust and general
approach is possibly to use patching or some other techniqué%)
to avoid the edge effects. For instance, one possibility would
be at each slice to force the edge of the cell, or a region
near the edge, to have the same amplitude and phase. This is
an area for further numerical research.

One additional point which appears to be quite clear is
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that simply using an incident top-hat wave function does not
seem to be a reliable approach. Without the additional
information from the Bloch wave solution, we cannot see how
one can readily identify when the solution is stationary. It
is possible that one could stabilize this approach, avoiding
the edge effects, and then use the multislice alcone to sum the
Picard series. If this is possible then this might be a simple
method of solving the general reflection diffraction problem
in a relatively simple conceptual manner.

With the increase of the number of beams and slices, the
computation speed slows down. For the case of 13x13 beams and
600 slices, it needs about 20 hr CPU time on an Apollo 3500.
There is still more room for numerical improvement. The Bloch
wave calculation now can be separated from the multisglice
calculation and the Bloch wave solution calculated as the
incident wave to the multislice block can be reused for
different multislice iterations. This at least reduces 80% of
the CPU time.

It is important that the results at this stage have shown
the real possibility of combining different computation
methods to make them work together, revealing the conditions
for the consistency of the various methods, exploiting their

relative advantages and providing mutual validity proof. This
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will place the theories of elactron reflection on a more self-

consistent foundation.




Bloch

waveas

Multislice

Bloch
waves
+
Multislice

Table 3.1

Transmission

B-T

B+M~T

1089

Reflection

B+M-R

Table 3.1. List of all six operational modes of the programing

for the BMCR method.
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Fig.3.1, Schematic diagram for deriving multislice formula
from the Schrodinger equation in integral form. S,: incidence
Plane. S,: exit plane. z: forward propagation orientation.
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Fig.3.2. Schematic diagram showing the application of
stationary phase approximation to the derivation of multislice
formula.
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Fig.3.4. Plots of the amplitude and phase of the (100), (200)
and (440) beams versus thickness for gold along [001] in the
transmission case using 100keV electrons: (i)-(vii) show the
results for different number of beams and each diagram in (i)-
(vii) contains two curves for the same condition calculated
by the two methods separately. a), b) and d) are the plots of
the amplitude of (100), (000) and (400) beams and c) and e)
plots of the phase of (200) and (400).
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in the Multislice-Only Mode
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Fig.3.5. Current density outputs at various depths for the
Bloch wave method (i) and multislice method (ii, iii) as a
function of the number of beams in transmission case. The
thicknesses from a) to b) are 20.2, 40.5, 121.5, 162.0, 202.5,
243.0, 303.7, 324.0A.
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for Fig.3.10, except that the incidence angle is 35mRad.



121

.r.!ﬂﬂ's\i‘- o ‘,LJ.L
A o M,

““ml&, ..

nm
- o b :

Fig.3.16. Plots of the projected intensity of F,.,(q) against
the thickness. Each curve is calculated from the two nearest
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Chapter IV. Dynamical phenomena in reflection

using the Bloch wave method

4.1. Introduction

The Bloch wave theory has been successfully applied to
the interpretation of various dynamical phenomena in THEEM and
THEED, such as stacking fault fringes, moire patterns,
dislocations, extinction phenomena and the spot splitting of
wedged crystals [l1]. The only difference between THEEM or
THEED and RHEEM or RHEED is the incidence angle. For the
former, the incident electron beam is close to the surface
normal, while it is nearly parallel to the surface for the
later. However, this geometrical shift changes the nature of
the boundary value problem significantly as discussed in the
previous chapters: wave points occur in the "band gap'" and the
interaction between the surface potential and incident
electrons can no longer be omitted.

However, the obstacles have been largely overcome both
analytically and numerically in Chapters II and I1II. The
analysis of the consistency between the Bloch wave method and
multislice method for the Bragg case in Chapter III strongly
reconfirmed the validity of the Bloch wave argument in the

Bragg case in Chapter II. The important advantage of the Bloch
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wave method is that it can provide physical insight into
electron diffraction. In this chapter, several important
dynamical phenomena are discussed for the case of electron
reflaction, namely: spot splitting, extinction distance and

anomalous intensity enhancement.

4.2. Dynamical theorvy of spot splitting in RHEED

4.2,.1. Historic review

The earliest reported dynamical phenomena were spot
splitting and anomalous intensity enhancement in RHEED [2-3].
The anomalous intensity enhancement was later called surface
resonance, for which so far there is no satisfied dynamical
explanation. The spot splitting is often related to steps on
a vicinal surface.

The important role of surface steps in fields such as
chemisorption [4~5] and crystal growth by molecular beam
epitaxy (MBE) [6] is well known. One of the earliest and also
most common method of exploring surface steps is via their
effects upon diffraction patterns in either LEED or RHEED. A
particularly simple case is when the steps are regularly
distributed and form a periodic structure i.e. a wvicinal
surface (see for instance Fig.4.1). The presence of an

additional surface periodicity due to this step array leads
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to extra diffraction spots, most readily observable as a
splitting of the single spot from a perfect surface into a
number of satellites, as well documented in both LEED [7-9]
and RHEED experiments [10-11]. Pukite et al. [12-13]
demonstrated that the spacing of these satellite spots could
be well described by using simple kinematical theory, while
Hsu and Cowley [14] demonstrated in RHEEM that the spot
splitting was consistent with the presence of diffraction
features. However, kinematical theory is totally unreliable
as far as the intensities are concerned.

A more rigorous dynamical diffraction explanation of step
spot splitting can be derived from Equation (2.45) by simple
geometry and algebra. It will be shown that spot splitting is
actually the reflection equivalent of what is after called
refractive multiplets in transmission diffraction, In
addition, calculated results for the intensities of the

satellite spots for a number of simple surfaces are presented.

4,2.2. Physics of spot sgplitting

In order to understand the source of the spot sgplitting,
it 4is important to draw analogies between transmission
diffraction from a wedged shaped crystal and reflection

diffraction from an array of steps. The basic point is that
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a stepped surface can be considered as a bulk crystal cut at
an angle to a "flat" low index plane, while a wedge crystal
is a thin crystal slab with two inclined surfaces (see
Fig.4.1).

According to dynamical theory, spot splitting is due to
the exit surface projecting the crystal momentum of the
electron in the crystal into a series of vacuum wave
vectorsdifferent values, because of the inclination of the
surface with respect to the zero Laue zone. The fundamental
physics behind this kind of splitting is the law of momentum
conservation on the boundary.

In the case of THEED, the projection of the crystal
momentum k on both the entrance and exit surfaces overlap with
each other to satisfy the requirement of the conservation of
electron momentum, when the two surfaces are parallel to each
other (Fig.4.2(a)). If the exit surface is tilted and n, and
n, are not parallel with each other, the projection of the
crystal momentum on the exit surface is no longer the same
and splitting occurs (Fig.4.2(b)). Nevertheless, in the case
of RHEED or LEED, the surface is considered both as the
entrance and exit surface, for the crystal is physically taken
as infinitely thick. Therefore the surface projection of the

crystal momentum k will not split in RHEED, because the two
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surfaces are coincident with each other instead of being
angled for a wedged crystal. Nevertheless, there is an overlap
of the projection on the exit surface of momentum k +g for the
reciprocal lattice vector on the same reciprocal =rod
perpendicular to the surface crystal, when the gsurface is
normal to the zero Laue zone. This is shown algebraically in
Equation (2.45) in which the z component of the reflection
wave vectors is independent of ¢g,. This means that the beams
from each zone can only form a semi-circle instead of a two
dimensional pattern, regardless of whether one considers
kinematical or dynamical diffraction events. Equation (2.45)
can be rearranged as:

Ko 4Ky, =X~ (Xy=Gy) ® (4.1)
This is the equation for a circle in k_,k, plane with radius
'ﬁf-(]&-gﬂ’. This 1is consistent with the Ewald sphere
construction in kinematiec theory (Fig.2.4) and RHEED
experiments [15-16]. However, the argument of kinematic theory
does not explain the reflection intensity and spots splitting
in RHEED and generally the reciprocal lattice in vacuum used
by kinematic approach is physically wrong as discussed in
Chapter II. The intersection between a reciprocal rod and a

sphere can only give one point.
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For a dynamical boundary match, the original overlapped
projection of the momenta k. +g will split into different
values (Fig.4.3), when the surface is slightly off the zone
axis of the zero Laue zone. These momenta can excite plane
waves in the vacuum with different momentum components normal
to the surface. In other words, the originally overlapped
spots split into a series of spots in the RHEED pattern. The
position of these spots can be determined geometrically.
Both dynamical and kinematic theories show that the RHEED
patterns should be a series of Laue c¢ircles. Each of them
corresponds to one Laue zone. Nevertheless, the RHEED patterns
obtained in various experiments are divided into two different
kinds: one is consistent with what the theories predict and
another is not, and has 2-D distributed spots. This
fundamental problem so far has not been answered and might be
a key to informative RHEED patterns. It merits further study.
In reflection, the reflected waves are taken into account
to satisfy the boundary condition at the top surface which is
both the entrance and exit surface, as illustrated in Fig.4.3.
To match correctly the incoming wave above the crystal and the
Bloch waves in the crystal, one has to draw a line normal to
the crystal surfaces from the incoming wave to the dispersion

surface, and then draw lines normal to the exit surface out
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to Ewald spheres for the diffracted beams as illustrated in
Fig.4.2. In the transmission cases, two sets of linas are
drawn for the top and bottom surface respectively, leading to
spot splitting as has been discussed by a number of authors
[17-18]. The relationship betwaen the spot splitting and the
misorientation of the surface in reflection is more readily
seen by reference to Fig.4.3. From such a diagram, the
positions of the spots can be indexed by the relationship:

¢;;=sin™[cos (0,+8**°) - (+g/k) sinf**] (4.2)
o, ~8in" [cos (0,+B") ~ (+g/k) sinB***] - [1/2-0,-B**] (4.3)
where
B*“*=tan™ (tanficos®d) (4.4)
where ¢,, is the angle between the outgoing electron beam and

the surface normal, « the angle between the specularly

atg
reflected beam and the satellite beams, B the misorientation
angle, @ the azimuthal angle and g denotes the particular
Ewald sphere onto which the matching occurs. Here B*** is the
effective surface misorientation angle after taking the beam
azimuth with respect to the Laue zone axis into account. This
equation gives the same results as that derived by Pukite et

al.[12-13] using kinematical theory. Here it is derived using

dynamical theory. By using Equation (4.2), the polar plot




130
shown in Fig.2 of reference [13] can be reproduced for the
angular separation between the (200), and (200), spots versus
the incidence azimuth angle for a fixed incident angle of
0,=65mRad. Although it seems obvious that the dynamical and
kinematical theories should lead to the same spot position,
in fact, this is not true for the transmission diffraction
through a wedge crystal. In fact, in transmission the spot
positions are actually different since they reflect the
dispersion structure rather than simply the wedge angle as
predicted by kinematical theory. It should be noted that in
the dispersion surface analysis, the additional spots are not
a consequence of the additional surface potential due to the
steps as might be thought, but instead are due to the boundary

conditions.

4.2.3. Numerical results

Numerical results were calculated using the Bloch wave
diagonalization method described in detail in Chapter II [19-
20]. The presence of a vicinal surface was included in the
calculations by using a surface cut at an angle to the zone
axis of the crystal. It should be noted that this ignores any
effects due to the surface relaxations around steps and only

includes single atomic steps.
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To show the effect of an inclined surface, Fig.4.4(a)
shows a simulated RHEED pattern from a perfect GaAgs (001)
surface for 100keV electrons with the beam azimuth along (010)
and a glancing angle of 2.4° without any absorption. In the
calculation, only the zero Laue zone is included, so that only
a single semicircular pattern corresponding to the zero Laue
zone occurs. Fig.4.4(b) shows a y-modulated presentation of
the same data as that in Fig.4.4(a) which shows just single
peaks. In this and all the other subsequent y-modulation
graphs, the finite width of the diffracted beams is due to the
numerical process rather than being a true effect, although
a natural width is expected in experiments. Some very fine
splitting of the peaks is due to the numerical interpolation,
The scale is saturated so that the weaker peaks can be more
readily seen. Because there is no misorientation of the top
surface, there is no splitting. For comparison, Fig.4.5 shows
the results for the same relative orientation but with a
viecinal surface with the angle 2.5° off (010). Spot splitting
occurs because of the surface misorientation, and the spots
are also slightly streaked normal to the surface. The pattern
changes from a semicircle to an intensity distribution in two
dimensions. It should be noted that the intensities of some

of the satellite spots are so low that they are not apparent
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in the figures. The pattern also shows that each reciprocal
rod has two strong spots i.e. doublets in diffraction patterns
which is consistent with experimental results [10,12-13].

Equation (4.2) also indicates that the spacing between
the spots increases as the incident angle is reduced. This is
demonstrated in Fig.4.6 which shows y-modulated images for the
same conditions as Fig.4.4 except that the incident angle in
Fig.4.6(a) is 1.5° and in Fig.4.6(b) 2.9°. The variation in
the spot splitting is quite obvious.

The separation of the spots decreases with the surface
misorientation angle until the misorientation angle disappears
and the surface becomes a flat surface and then the separated
spots overlap with each other [17]. The beam azimuth changes
the effective misorientation angle i.e. the further off the
zone axis, the smaller the effective misorientation angle as
observed experimentally [10,12-13]. To demonstrate this point,
Fig.4.7{(a) and (b) show y-modulated images for the same
diffraction conditions as Fig.4.6(a) and (b) respectively, but
with an azimuthal angle of 1°. The spacing between the spots
in Fig.d.f(a) and 4.7(b) is obviously smaller than that in
Fig.4.6(a) and (b).

Calculated results for the Pt (111) surface on the [211]

zone show the ratio of the specularly reflected beam to the
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(333)3 beam as a function of different azimuth for a fixed
surface misorientation angle. The rasults for no absorption
and 10% absorption are presented in Fig.4.8. The Pt (111)
surface is believed to have very small or even no surface
reconstruction and is theraefore a good test case. There are
two obvious features in Fig.4.8(a): 1) the intensity ratio for
no absorption 1is generally lower than that with 10%
absorption, which means that absorption reduces both the total
diffraction intensity and the relative satellite spot
intensities; 2) the intensity ratio is lowest at the =zero
azimuthal angle both with and without absorption. The
variation of the intensity ratio about the zero azimuthal
angle is possibly related to surface resonance, although this
merits further exploration. Fig.4.9 shows a graph of the same
ratio as a function of the incident beam angle for the zero
azimuthal angle with a fixed misorientation angle and no
abgsorption. The curve shows that the intensity ratio increases
sharply when the incidence angle is close to zero, which means
that the satellite spots can barely be observed at small

angles.

4.2.4. Interim summary

The results obtained are encouraging in terms of
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understanding spot splitting effects and there is good
agreement between calculated results and experimental
observations [10,12-13,15-16]. However, one should acknowlaedge
that some surface phenomena are not included in the above
calculations. First, only regularly distributed surface steps
were discussed, and there will quite oftemn be irregularly
distributed steps on any given surface. The effect of
irregularly distributed steps on the diffraction pattern is
hard to analyze theoretically, but to first order should be
equivalent to an incoherent sum of different stepped surfaces,
summed over the probability of finding in any given micro-
region a given step separation. This will lead to streaks in
the diffraction patterns normal to the surface. Secondly, any
effects due to surface relaxations or strain fields around
steps have not been included. In principle, there can ba a
relaxation of the surface stress around a step which can lead
to atomic displacements, which we can consider as a strain
field. The presence of such a strain field will alter the
diffraction to a small but significant extent. In addition,
there will also be an effect due to the differences between
the potential cut off at the surface which is used here and
a potential which is allowed to slowly decay into the wvacuum.

Howeaver, it should be noted that some preliminary calculations
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[21] indicate that this has only a minor effect on the
diffraction pattern intensities. This is understandable since
high energy electron diffraction is only really sensitive to
the core potential, not tha weak interatomic potential or
surface potential. Finally, the images of steps as obtained
in RHEEM images have not been considered. In principle, these
can be calculated from the current Bloch wave approach, but
the 1long range strain field around a surface step may
contribute substantially to the image contrast, which is
difficult to take into account in the Bloch wave approach. In
general, the theoretical development gives a clear dynamical
method of understanding spot splitting and related phenomena
in RHEED, although its application to real experimental

surfaces remains to be tested.

4.3. Extinction distance in reflection

Although the extinction distance is well understood and
expiained in transmission, it has not been done yet in
reflection. The extinction distance is defined as the
periodicity of the intensity oscillation of one particular
beam in a crystal in THEEM [21]. These intensity oscillations
are due to the interference of two or more Bloch waves with

different k,. In the crystal, each diffracted beam (g) is
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composed of a series of +the Bloch waves which are
characterized by wave vectors k, "+g, (3=1,2..... .N) in the
direction of wave propagation (z axis). The superposition of
these waves will result in the intensity oscillations in the
z direction. This can be readily seen in Fig.3.4(i-vii). The
amplitude-thickness curves of different diffracted beams in
Fig.3.4 shows that the extinction distance for gold at 100keV
is about 50A. This is because the difference between the
central beam and the diffracted beams is only a constant
phase; 2ng,z. In the Bloch wave calculations for both
transmission and reflection cases, the difference between
eigenvalues k., is usually not larger than several reciprocal
angstrom. They are small for transmission compared to
reflection. Therefore, it is expected that the periodicities
of the beam intensity oscillations in reflection are much
smaller than that in transmission.

Since the intensity of the central beam usually is much
stronger than that of diffracted beams, the total charge
density oscillation in the direction of electron wave should
be consistent with the oscillation of central beam. This makes
the observations of extinction phenomena in real space
possible.

For the case of multiple waves, it is difficult to derive
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an analytical formulation for the periodicity. It is possible
to make a two-beam approximation to estimate the periodicity,
when the amplitude of one or two waves greatly surpasses that
of other waves, for both transmission and reflection cases.

Equation (2.13) can be rearranged as:

y(z) =26~ expli2n(k +q,,) .z, ]x

Ze¥c Vexp[-2nk,, Yzl exp[i2n (k.. +q,) z] (4.4)

Then,
| dg1*=1 2y, P expi2nk,, V2] | (4.5)

where
1, P=eVc P exp[-2nk,,? . 2] (4.6)

(4.5) can be expressed more explicitly as the following [22]:
| .1 *=exp (-t/E,’ ) (1-3in*Bsin®y) (4.7)
| ¢l *=exp (-t/E’ ) sin’Bsin™y (4.8)
where Y=[tcosec (B/2§)]+i[tsin (B/E)1, cotanB=w=l’;gsz,
§=U,/KcosO,, &,'=U, /Kcosl, and &’ =U.' /Kcosl,.

It should be pointed out that all arguments and
derivations for the two-beam approximation in transmission
case [21-22] are valid for reflection and the only difference
is due to the geometrical interpretation of various
parameters. From Equation (4.8), it can be seen that the

intensities of both the transmitted and diffracted beams
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oscillate with a periodicity given by t=21rE_!, if the exact
Bragg condition is satisfied (B=n/2, w=0). If the high energy
approximation or small angle approximation is employed (i.e.
0,=0,=0;,) with an incidence angle of 0,=10mRad, the estimated
oscillation periodicity for GaAs (010) zone is:

2nE =Kcosh,/U,

=154 (4.9)

This has been demonstrated in numerical results
calculated for the multiple-beam case, which are shown in
Fig.4.9. Fig.4.9 shows nine pictures of simulated Bloch wave
current density images in the crystal with different incident
angles from GaAs (001) surface. The incident energy as before
is 100keV, and 0, is the incident angle. The picture is in the
plane perpendicular to the y axis i.e. the [010] zone axis.
The size of each picture is nine unit cells by nine unit cell
i.e. 50.57 by 50.57 in angstroms. Pictures (a)-(c) are the
results without absorption. For absorption, the potential with
the usual phenomenological treatment of absorption is adopted.
Pictures (d)-(f) show the results with the imaginary part
equal 1% of the real part of the potential and pictures (g)-
(i) show the results with the imaginary part equal to 10% of

the real part of the potential. Pictures (d)-(i) clearly show
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the intensity decaying in the bulk aleng the z direction
resulting from absorption, while the same intensity
oscillation periodicity occurs in the case of 1%. In the case
of 10%, the intensity decay is so quick that the oscillation
has no room to emerge. This indicates that the Bloch waves in
GaAs for low incident angle have significant intensity in the
rang of 10-154 for 10% case. The intensity oscillation
periodicities for the three incidence angles shown in Fig.4.9
are about 8~25A. For 0,=10mRad, it is about 13A. This is quite
clese to the analytical analysis of the two-beam
approximation. Fig.4.10 shows the y-modulated density images

for 0,=8mRad for different absorption.

4.4. Surface resonance in electron reflection

4.4.1. Historic review

Surface resonance is a big topic in electron reflection
and a vast amount of literature can be found on it. Initially,
surface resonance referred to a pure experimental observation
of intensity enhancement of reflected beams in RHEED. Later
on, it was also observed in LEED and various theoretical
explanations were proposed. However, up to now there is no
conclusive and convincing theory available to explain the

nature of the phenomenon. The corresponding phenomenon in X-



140
ray reflection has never been reported. Is it only limited to
electron reflection? If this is true, why? What is the real
physical background behind this commonly observed phenomenon?
All these questions merit further exploration. What are done
here is to review the history of studies on this phenomenon
and contribute a little more to the literature based upon a
Bloch wave analysis.

An intensity enhancement in RHEED was first observed and
reported as "second kind of intensity anomaly" by Kikuchi et
al. in 1933 [10]. The "first kind of intensity anomaly" was
the spot splitting which was discussed in Section 4.2. The
"second kind of intensity anomaly" was confirmed in RHEED
experiments by Miyake et al. in 1954 [23]. The nature of the
Phenomenon was that the intensity of the specular reflection
is enhanced when the spot crosses a Kikuchi line having an
oblique angle to the crystal surface. It was Miyake et al. who
first tried to give a comprehensive dynamical explanation on
the phenomenon based on the Bloch wave method. Miyake et al.
made several important points on this issue, although the
theoretical background of them were not clear (even now I
still don’t think they have been clarified).

i) The condition that the incident spot lies on one of the

Kikuchi lines is the same as the condition for the Bragg
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reflection of the incident beam by the corresponding lattice
plane. Therefore enhancement of the specular reflection can
occur if the incident electrons suffer a Bragg reflection on
a certain lattice plane when the boundary surface is a mirror
plane of the crystal lattice,

ii) The enhancement is especially noticeable when the wave of
the Bragg reflection in a side direction is expected to travel
nearly parallel to the crystal surface. (This is the first
mention of the possibility of a surface wave.)
iii) Though the enhancement of the specular reflection first
came to attention by its coincidence with the Kikuchi lines,
the role of the Kikuchi lines seems to indicate a geometrical
relation between the incident electron beam and the crystal,
and no more. (If the inelastic scattering is included, which
may also be responsible for the phenomenon, this comment may
not be true).
iv) The total reflection of the interior wave at the surface
plays an important role in producing enhancement.
v) The proper choice of the wave points in reciprocal space
is essential for solving the Bloch wave problem in the Bragg
casa.

All these points later were extended conceptually by

various authors, although the real physical and analytical
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foundation of most of them has not been established.

The corresponding phenomenon in LEED was studied in a
more systematic and rigorous way by McRae et al. in the 1960’s
and 1970’s [24-30]. The concept of "surxrface resonance" or
"surface-state resonance" was first introduced to denote the
intensity anomaly in low energy electron reflection
diffraction. The LEED experiment was first done on the NaF and
LiF (001) surface in a UHV chamber [25]. The authors measured
the intensity curves vs. incidence enerqgy at a fixed incidence
angle, instead of the rocking curve, by changing the incidence
glancing angle. The curves show the resonance peaks moving
towards the lower energy side when the incidence angle
increéses. This indicates that resonance in LEED is correlated
to the momentum normal to the surface, which is similar to the
intensity anomaly observed in RHEED and explained by Miyake
et al.. In RHEED, the Kikuchi lines indicate the geometrical
condition for the resonance phenomena. At the same time, the
authors observed a phenomena called resonance minima, one
which has not been reported in RHEED, in which the intensity
of the (00) beam always has a minimum associated with the
emergence of a new beam [24]. It is interesting to point out
that these phenomena were first predicted by the theory of

LEED developed by the same authors [24]. Miyake and Hayakawa
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[11] in 1970 first attempted to relate the intensity anomaly
in RHEED with the resonance effect in LEED, which was mainly
based on experimental obgervation in both low and high enexrgy
ranges., The authors concluded that these two effects are of
essentially the same nature. Since then, the term "surface
resonance”" is widely accepted in the field of RHEED.

More recently, studies of the resonance effects in RHEED
ware carried out on Pt (1l1l1l) surface by Marten et al.[31].
Combining the dynamical theory of RHEED developed by Maksym
and Beeby [32] with the concept of surface bound state
developed by McRae [30], the author raised a new term called
monolayer resonance. He attributed the electron reflection
enhancement anomaly to the scattering from and simultaneously
channelling "inside" the topmost atom layer parallel to
crystal surface before they are diffracted back into the
specular beam.

Though these years, various terms referring to the
reflections intensity enhancement have become popular in the
fields of LEED and RHEED [33-34], such as "surface state
resonance'", 'surface bound state resonance", "monolayer
resonance"”, "surface resonance". It seems that different
people use them with different characters and understanding

and these terms appear more often to denote an experimental
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fact rather than an unified, well established and convincing

explanation of a physical process.

4.4.2, The origin of the concept of "surface resonance"

The concept of surface resonance in reflection originated
from resonance scattering [35]. Scattering theory in quantum
mechanics indicates that. when the phase shift of a partial
wave in the scattered wave field is close to zero, the partial
wave usually deminates the scattering and is said to be in
"resonance" with the scattering potential. This happens when
the energy of a particle with an angular momentum quantum
number 1 approaches an energy level with the same angular
momentum gquantum number in the potential well. The physicél
significance of this is that an incident particle which has
nearly the right energy to be bound by the potential tends to
concentrate there and produce a large distortion in the wave
function and hence a large amount of scattering. The above
concept is easily extended to the field of electron-solid
interaction, although an analytical solution of the extension
has not yet been completed.

Another conceptional source for surface resonance is the
resonance theory of nuclear reactions ([36]. A simple

introduction to the theory is given as the following. The wave
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function of a system of N+1 particles consisting of one
incidence particle plus N target particles can be described
as:

T4 ¢ P PN 5) =2 Wi (5, B e el - ) u () (4.10)
where Y, is the wave function describing the state i of the
target particles and xr, denotes the coordinate of the incident
particle. If E is the energy of the whole system, we have the
static Schrodinger equation for the system as:

Hy=Ey (4.11)
where
B=H, (z,, 5;...... P & 2T P Iy) (4.12)
H, is the Hamiltonian for the N particles of the target, T, is
the kinetic energy operator for variable r,, and V is the
potential energy of the incidence particle in the field of the
target. The wave function v, satisfies:
H\,=€V, (4.13)
i.e. the eigenstates of the target. Substituting (4.10) into
(4.11) and employing the orthogonal properties of the set v,
we obtain: -
(T A4V, +€-E)u,=-3, .V, u, (4.14)
and

Vi (2,) = (W, V) (4.15)
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If only coupling between the scattering channel of ground
state and the scattering channel of excitation channel is

considered, (4.14) can be simplified to the matrix form:

(T +V_,-E)u=-V,0 (4.16a)
(H-E) O=-V,"u, (4.16b)
where
4,
u,
o=] . (4.17)
u,

and the matrix operator H is defined by:

H,,=T,0,,+V,+&8,, (i,3=0) (4.18)
and
V=V, Vage e v v Vo) (4.19)
where
‘an'
\
v.r=]. (4.20)
v,

To obtain an equation for u,, we need to eliminate @®. Solving

(4.16b), we obtain @ in terms of u,:
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d=Vv_‘*u, (E*-H) * (4.21)
Here, E' is defined as:
E'=E+in (n—0*). (4.22)
'Then,
[T +V. +V, (E*~H) 'V *-E]u =0 (4.23)
Now we have the effective potential:
V=V_+V, (B*-H) v, ' (4.24)
and u, becomes one of eigenstates of Hamiltonian H=T_+V:
Hu =Eu, ‘ (4.25)
In general, the spectrum of H will consist of a discrete part
and a continuum. Let the eigenfunctions for the states in the
discrete part be @, with eigenvalue & :
HD=E.d, (4.26)
The eigenfunctions for the continuum states are ®(&’,0) where
the eigenvalue is £’ and o labels the various states having a
common variable &' :
HD (L', o) =E' D (&', ) (4.27)
It is the discrete state which is responsible for the
regsonance. For the weak coupling limit, we have:
v,=0

Then H becomes diagonal so that & axe of the form:
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where u,” satisfies a simple Schrodinger equation:

(T 4V, ) u,"=— (Ex-gn) u,” (4.28)
It should be pointed ocut that u® is different from u,
completely. It is a bound state of the incidence particle when
it moves into the field of an target at excited state if i=0.
Then ¥V can be expressed in terms of @, and ®(§’',a) as the
following:

V, | O ><D |V} o V,|DP(E,ax)><D(E ,a) |V,
V=3, +] daJ' dk’ (4.29)
E-E, 0 E*-E’

The resonance for the particle-target interaction occurs when

E is close to one of £,. In other words, the resonance will
occur at the energies for which a particle in the absence of
coupling with the incident channel could be in a stationary
bound state in the field of target particles in an excited
state. For the experiment, E is usually adjustable by changing
the kinetic energy of incidence particle T,. Under this

condition, the effective potential is dominated by the nth
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term in it:

V| D><d, [ V,.*
V=U+ (4.30)

E-§,

Physically, the bigger the effective potential V in H, the

stronger the scattering in the entrance channel. u, (u(zx,))
represents the amplitude of scattering in entrance channel.
The resonance theory for nuclear reaction presented here
seems ready to explain similar phenomena in other particle
system such as electron-solid interaction. However, the
analogy can not be made so easily. In the case of high energy
reflection, the kinetic energy of the incident electron is
much higher than c¢rystal potential. In other words, the
scattered incident electron in the crystal can not stay in the
electronic bound states of the crystal. This is quite
different from the n;clear reaction in which nuclear potential
field is very strong. This means that bound electronic states
are not involved 1in elastic diffraction processes. In
addition, the experimental results show that the condition of
electron surface resonance is only related to the normal
component of the momentum of incident electrons instead of

their whole kinetic energy. These two facts apparently can not

be directly included in the above theory.
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4.4.3. The first McRae theory of surface resonance in LEED

The key points of the McRae’s theory [24-25] are:
i) Introduction of the concept of effective wave field to
solve the Schrodinger equation in integral form. The author
defined the total wave field y(R) as the sum of the primary
field and the field emitted by all of the atoms, while the
effective field Y°(R) incident on a given atom is the sum of
the primary field and the field emitted by all ¢of the atoms
other than the given atom. This is an analogy to tha Onsager
model of dipole-dielectric medium interaction in dielectric

theory [37].

V(R) =exp[i27K.R] -3.. J' exp[i2mK|R-R’ |] (4|R-R’ ) 'x

T(R',RIY (R")dR’ (4.31)
ii) Expanding the effective wave field into the form:

W (x,z)=0°(x, z)exp[i2nk.r] (4.32)
where, r is parallel to the surface and k is the surface
projection of the wave vector of the primary wave K.

iii) After introducing the effective atomic-scattering factor
(f), an important expression for total wave is:
VY (R)=exp[i27K.R] +(i2n/A) 3 Re [F (K, -K) /K, ] exp[i2nK,.R] (4.33)

where F is effective atomic scattering factor.
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K= (K- | k+v|*)¥* (4.34)
K, is a propagation vector whose surface and surface-normal
projections are respectively k+v and -K,. An important
character of K~ is that it satisfies the following relations:
| K, | *=K* (4.35)
K, =ktv (4.36)
They are valid for the wave far away from the crystal and
under this condition they are nothing but the law of energy
conservation and the law of momentum conservation on the
boundary. For the wave in the crystal, (4.34) is no longer
valid, because the crystal potential must be taken into
account. The amplitude of the reflection coefficient for the
beam designated by the reciprocal vector parallel to the
surface is:
C=(i/K)F (K, ,K) (4.37)
iv) For a fixed incidence angle, |C,|?> can be plotted as a
function incidence energy i.e. a function of K,. The
reflectivity peaks on the plot corresponds to the resonance
phenomena. For' a simple ideal model of a 2-D crystal
consisting of isotropic atomic scatters with one atom in each

unit cell, the amplitude reflection coefficients are:
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C,<1/AK,|K,|

C=(i/AK,) ¢f (4.38)

and the reduced effective field is:

A|K, [ /2nE K<l kt+v|
b= (4.39)
-AlK,|/2rnf K>|kt+yv|

When |K|—|k+v| i.e. K,—0, ¢—0, and C,, C,—. As K pass through
any threshold wvalue |k+v], which is equivalent to the
condition for the spot in RHEED crossing a Kikuchi Line, the
reduced effective field goes to zero and suffers a phase
change of (1/2)x, and reflectivity of both specular beam and
Bragg diffracted beam (C, and C,) are enhanced greatly.
According to the above analytical analysis, the physical
meaning of surface resonance in LEED can be interpreted as
that, at the resonance condition, a electron wave can
propagate in the layer in phase with the atoms, which means
that the contribution to reduced effective field of an atom
due to all the other atoms in layer, is in phase. Then the
balance between the field emitted by each atom and the
effective field incident on it can only be maintained if the
effective field is zero, otherwise it will result in infinite
wave field. This in-phase mechanism simultaneously enhances

the reflected wave greatly.
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There is one point on which the above theory contradicts

the conventional Bloch wave approach. According to the Bloch
wave analysis, the surface normal component of wave vectors
in the crystal do not obey the relation K,=(K*-|k+v|?)?,
because the kinetic energy of electron in a crystal is not
conserved. This is due to the fact that the theory considers
the crystal as one consisting of a series of 2~D atomic planes
without thickness. This may work for LEED. But it is
apparently questionable for high energy case, because the
diffraction is basically three dimensional in REEED and the
normal component of incidence wave vector is modulated by the
crystal potential, which varies along the inward normal
direction. The interpretation of zéro effective wave field at
the resonance condition is not very clear from a physical
point of view. Another disadvantage of the theory is that the
math conceals physics—--the mathematics appears too complicated

to explore the physics behind them.

4.4.4. The second McRae theory of surface resonance in LEED

In 1970’s, McRae started a new approach to interpreting
electron surface resonance in LEED, which is directly
analogous to the resonance theory of nuclear reaction

discussed in Section 4.4.2. The main point of the theory is
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the following: electrons incident on a crystal surface can be
temporarily trapped in surface states at an energy level above
the wvacuum level. These states are temporary stationary
surface states which are observed as narrow fluctuations of
elastic scattering intensity with respect to variation of
electron energy and incidence directien.

With a 2-D free electron approximation, the behavior of
incident electron in the plane parallel to the surface is
considered as nearly free electron and that in the direction
normal to the surface is governed by the laterally averaged

potential:

U, (z)= j Ul(z, z)dr (4.40)

where A denotes unit area on the surface. Then the bound
surface states for U,(z) are given:

|n§=mg(z)exp[12n(glfg).5] n=1,2,.... (4.41)
where y,(z) 4is the nth surface-state solution of the
Schrodinger equation for the potential in (4.40). The
forbidden gaps derived from U_(z) have the effect of confining
electrons in the surface region of the crystal. The plane
factor of (4.41) represents free-electron motion paraliel to

the surface, where g denotes a vector of the reciprocal net
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of the surface and k denotes the momentum in the plane
parallel to the crystal surface. The electron energies
corresponding to the bound surface states in (4.41l) are:

E (k) =e+E_(k,) (4.42)
where e, denotes the energy eigenvalue corresponding to V¥, in
(4.41) and:

E_(k,)=(1/2) |k +ai? (4.43)
The beam threshold function E_ (k) for different g values
defines a surface band structure for a 2-D c¢rystal, for
U,(z) —>const.. For U,(z)#const., the surface band structure for
a given level n is displaced to lower energy level by a fixed
amount equal to the binding energy e,. The typical values of
the binding energy e, of an Javel with n=1 is 0.5-3eV. This
number indicates that the 2-D free electron approximation may
not be valid in RHEED, because the energy component normal to
the surface for the Bragg beams in RHEED is usually —eV. The
trapping of incident electrons caused by the surface states
with energy level e, doesn’t seem to happen to most Bragg
beams in high energy case since a large part of the reflected
electrons can not stay on those states. However, this argument
is still valid for the wave nearly parallel to the surface,

the "surface wave" or "the Bragg reflection in a side
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direction" by Miyake et al. [2].

In general, resonance scattering denotes the capture of
an incident particle by a temporary and virtual energy state
of the target or a compound state formed by target and the
incident particle. A given compound state can generally decay
by several channels which are characterized individually by
the final quantum states of the target and the scattered
particles. Resonance scattering is considered to occur with
appreciable probability only in a narrow range of incidence
energy and momentum characteristic of the compound state which
is expressed by (4.41). The coherent superposition of the
resonance and direct contribution to the scattering amplitude
results in a fluctuation of scattering, whose probability
varies relatively slowly with respect to the incidence
condition, and whose intensity is centered at values of
incidence energy and momentum for which the magnitude of the
resonance contribution is at a maximum. But the theory dose
not explain how the coherency can be attained.

By analogy to (4.30), when £ in (4.30) is taken as the
surface state energy expressed by (4.42), we have:

V.| ®><®, |V’

V=U_+ (4.44)
E-E.-e,
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When the incident energy E is close to E_te,, the effective
potential V and H increases. The larger the effective
potential of H, the stronger the scattering in the entrance
channel.

These are the basic ideas of the second theory of the
electron surface resonance by McRae. Although the theory
apparently has made quite successful analogy between the
resonance phenomena in nuclear reaction and electron surface
resonance by introducing 2-D free electron description and to
some extent indicated its correlation with the Bloch wavae
approach [11,23,31], it is still a qualitative theoretical
speculation rather than a systematic and quantitative theory
of electron surface resonance.

With the 2-D free electron approximation, the bound
surface states described by (4.41) are characterized by the
1-D potential described by (4.40) and only associate with the
transverse energy of incidence elactrons. The bound states are
generally the states with zero current flow or zero group
velocity and pure imaginary k vector for the dispersion
relation (E-k relation) [36]. This means that these states are
not different from the evanescent Bloch states in the Bloch
wave method. They are just different ways of interpreting on

the same phenomenon. However, in Section 4.4.5, it will be
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shown that the analyses of both evanescent and non-evanascent
Bloch states together with the internal and external electron
raflectivity still does not complete the story of surface

resonance.

4.4.5. Surface regonance in RHEED by a Bloch wave analysis

Using the Blech wave method to analyze surface resonance
was first attempted by Miyake et al. [23] and Kohra et al.
[38]. However, the numerical calculation was carried out only
for four-beam case and the analytical formalism for the
determination of wave points was not given. Later on, Britze
et al. [39] used the Bloch wave methcd for the general n-beam
case developed by Colella [40] and Moon [41] to calculate the
rocking curve of the specular beam for a Si(001) surface for
10keV electron. The authors applied the WKB method to the
surface potential treatment and both measured and calculated
the resonance peaks. The agreement between the experiment and
theory was claimed to be reached to certain extent.
Nevertheless, the limitation of the method as discussed in
Chapter II was‘not overcome.

The Bloch wave method in the Bragg case developed in
Chapter II and verified through the investigation of the

congsistency between the Bloch wave approach and multislice
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iterations in Chapter III is applied here for the analysis of
the surface resonance.

Equation (2.45) shows that when the surface normal n is
tangential to the dispersion sphere S, (Fig.2.1) and kg’
becomes zero, the corresponding wave branch will propagate
along the surface without decaying, which was called '"the
Bragg wave in a side direction" and later “surface wave " by
Miyake et al.[11,23]. When kr'=°' we hava:

k=%, %4, (4.45)
and corresponding energy of the Bragg beam:

E=h%k.*/2m, (4.46)
k, and E;, are nothing but emergence threshold momentum and
energy for the particular Bragg beam g.

It was claimed by Miyake et al. that the occurrence of
the surface wave in RHEED is always accompanied with the
anomalous enhancement, which later on was concluded to be the
same as the surface resonance phenomena in LEED by Miyake et
al.. Nevertheless, so far, these conclusions are still not
very much beyond theoretical speculations, rather than the
results of a systematic theory and convincing and quantitative
experimental observation.

First, the correlation between the existence of "surface

wave" i.e. the Bragg beam with threshold momentum and energy
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and coincidence between the Kikuchi line and specular beam can
be proved analytically using the boundary conditions expressed
in (4.45) and (4.46). When the component normal to the surface
of the wave vector of an outgoing Bragg reflection beam k.’
equals zero (k,’'=0), which means either the Bragg reflection
beam propagates along the surface or the beam has the
emergence threshold momentum and energy, we obtain:

A =9~ 29.Xs (4.47)
where only the zero Laue zone is considered i.e. g,~0 in the
coordination set-up shown in Fig.2.1.

The Bragg incidence condition simply means that the
projection of the incident wave vector on the Laue zone plane
is a reciprocal lattice vector. Then, we have:

| y S P A By (4.48)
substituting (4.48) into (4.47):

g.,'=9,’-29,9." (4.49)
where superscript p denotes an arbitrary reciprocal lattice
vector. Equation (4.49) is the condition which the incident
beam must satisfy for kp’=0, where g denotes one of excited
reciprocal lattice rod in the 2zero Laue zone. The RHEED
pattern shown in Fig.7 (Miyake and Hayakawa) [11l] gives a good
experimental example. If the pattern is transformed to the

coordination used in Fig.2.l1, the x axis is along tha [011]
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direction and the surface normal [011l] is along the z axis.
Then we obtain:

9."=0; 9 "=Goee {4.50)
Therefore, when g,=Qus OF O,=Uoess Ki'=0. In other words, the
two spots g, and g, are excited as surface waves, although
they do not occur on the diffraction pattern because of
defects and absorption of the surface. The picture shows that
the intensity enhancement of the specular spot occurs when it
overlaps with the lattice point (g.,g.)= (0, Gues) -
Secondly, it can be shown that the condition k,’'=0 is
also consistent with the condition for the resonance effects

in LEED given by McRae [24-25]. The vectors in (4.34) can be

converted into the form currently used as the following:

R=x (4.51)
k=YX~ Xy Yo (4.52)
y=g.x,+g9,¥, (4.53)

Substituting (4.51-4.53) into Equation (4.34), we obtain:
X =g, -2, X~ +2G9,X, (4.54)
If only the zero Laue zone is considered (g,=0), (4.54) is
reduced to (4.47).
Mathematically, when the condition k,'=0 is satisfied for
the particular Bragg incident angle, the rows in matrix A in

Equation (2.55) corresponding to particular lattice parameters
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g will become infinite. This means that the mathematical
treatment shown in Equations (2.51)-(2.54) does not work.
However, the equations still have solution if the two sides
of Equation (2.53), (2.54) are not divided by Xa—TutSg (ka,’) .
Nevertheless, this special mathematical condition may give an
interpretation of the intensity enhancement, at 1least
partially.

From a Bloch-wave viewpoint, there are in fact two
different effects which occur near the resonance condition
k,’=0 and lead to changes in the net reflectivity. It should
be mentioned that reflectivity is a powerful concept since
there is conservation of the net current flow. These two
effects correspond to total internal reflection of Bloch waves
or total external reflection of diffracted waves. It should
be noted that for electrons, a solid is polyrefringent since
the current flow S for each Bloch wave leads to a different
refractive index, and we have n diffracted waves, sc we can
expect a large number of internal/external reflection
conditions. Analysis based solely wupon total internal
reflection due to the mean inner potential is not adequate
since reflection is determined by the behavior of S, not the
wave vector. The two effects will be discussed with reference

to Fig.4.11-4.15 which show respectively the rocking curve for
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the reflected wave, the total reflectivity, the wave vector
of some of the raflected waves, the real and imaginary and the
current flows of the two major Bloch waves, all for GaAs near
the [010] =zone.

The rocking curves from GaAs (001) surface at 100keV
incident energy with and without absorption are shown in
Fig.4.1l1l. The absorption treatment is the same as that given
previously. The shape of the two curves with absorption is
slightly lower than that without absorption. Totally 49 beams
are included. 0, is the incident angle between the electron
beam and surface and I the intensity of specular spot. The
azimuth of incident beam is along the direction of [010]. The
intensity is presented in a relative scale, in which the
intensity is taken as unity for GaAs near to a [110] zone.

The first effect is the total reflection of a particular
diffracted wave which changes from an escaping plane wave to
a trapped evanescent wave on the outside of the surface. This
occurs when the condition k,’=0 is satisfied for the
particular Bragg incident angle, which can be seen by
comparing Fig.4.11, 4.12, 4.13. There are peaks in both the
intensity of specularly reflected beam and the total
reflectivity at the condition where a reflected beam is

transiting from evanescent to escaping, i.e. has a zero
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imaginary component, although there are not the strongest
features in Fig. 4.11 and 4.12,

The second effect is that when some of the Bloch waves
within the crystal change from propagating into the crystal
to being evanescent in character, total internal reflection
of Bloch waves occurs. This occurs in the region where the
normal to the Ewald sphere is in the "band gap" between the
Bloch-wave dispersion surfaces. Since an evanescent wave has
S,=0 (for the case without absorption, conservation of current
indicates that this should lead to a maximum in the
reflectivity). This can be seen by comparing Fig.4.14 and 4.15
with the total reflectivity in Fig.4.12, for instance, the
zero in the current flow in Fig.4.14(a) at about 18.5mRad and
the corresponding peak in Fig.4.12.

Although the above arguments provide some rationalization
for the various peaks in the net reflectivity, they do not
give a complete explanation. This indicates that the idea that
total internal and external reflection is responsible for the
intensity maxima~--surface resonance is not sufficient. It is
apparent from the curves showing the excitations of the
different Bloch waves as a function of angle that there are
very large variations in these which are due to the boundary

conditions rather than simply to changes in S arising from
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variations in the real and imaginary components of the wave
vectors. For instance, the maximum in the total reflectivity
at about 23.5mRad correlates well with the zero excitation of
the Bloch wave shown in Fig.14(b). From this, it can be
concluded that although resonance effects based upon total
internal and external reflection are important, they do not
explain all the intensity variation and many of these must be
due to some combination of the boundary conditions and the

changing character of the Bloch waves.

4.4.6. Interim summary

One can see that tremendous and endur;ng efforts have
already been made to understand the phenomena of surface
resonance "intensity enhancement anomaly" in electron
reflection--in both high and low energy cases. The majoxr steps
can be listed as the following according to a time series:
i) Kikuchi, S$. and Nakagawa, S. (1933) [10]

The first observation of "intensity enhancement anomaly"
in RHEED
ii) Miyake, S. and Kohra, K. and Takagi, K. (1954) [23]

The first Bloch wave analysis of the phenomena of
"intensity enhancement anomaly" and "surface wave" in RHEED.

iii) Kohra, K., Moliere, K., Nakano, S. and Ariyama, M. (1962)




166
[38]

The first numerical Bloch wave analysis of the phenomena
for a four-beam case.

iv) McRae, E. G. (1966, 1967) [24-25]

The f£first McRae’‘s theory on the surface resonance
phenomena in LEED.

v) Miyake, S. and Hayakawa, K. (1970) [11]

Unified the understanding of "intensity enhancement
anomaly"” in RHEED with the explanation on "surface resonance"
in LEED. Since then, "electron surface resonance” has become
a widely accepted term referring intensity variation anomaly
in both low and high energy electron reflections.

vi) McRae, E. G. (1976, 1978) [27-28]

The second McRae’s theory on surface resonance phenomena
in LEED.

vii) Britze, K. and Meyer-Ehmsen, G. (1978) [39]

Calculating the rocking curves in RHEED by using the
Bloch wave method for the general n-beam case developed by
Colella and Moon [41-42] and introducing the WKB method for
the surface potential.

viii) Marten, H. and Meyer-Ehmsen, G. (1985) [31]
Raised the concept of "monolayer surface resonance" by

using a multislice approach (slices set to be parallel to the
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surface) developed by Maksym, P. A, and Beeby, J. L. [32].
ix) Peng, L. M. and Cowley, J. M. (1988) [42]

Studied the "electron surface resonance" by using a
multislice approach (slices set to be perpendicular to the
surface) developed by Cowley, L. M. and Moodie, A. F. [43].
X) Ma, ¥. and Marks, L. D. (1989) [20]

Using the newly developed Bloch wave method and the
concepts of current flow and internal and external reflection
to explain the physics of "electron surface resonance".

However, all these efforts have not finished the story
of "surface resonance". On the contrary, they seem to make
more stories from the story. It is apparent that a systematic,
convincing and self-consistent theory on "electron surface
resonance" wvalid for both low and high energy electron
reflection has not yet come. It should be noted that all
above-mentioned approaches, except the second McRae’s theory
(vi), use elastic scattering theory. The fact is that the
inelastic scattering process may also play an important role
in ’‘electron surface resonance’ ., However, the difficulty and
stagnation in the development of inelastic diffraction theory
is well known and the theoretical development of a combination
of electron diffraction and electron energy loss spectroscopy

(EEL) is very slow. But the true understanding of "electron
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surface resonance" may well rely on the understanding in both
lelastic and inelastic diffraction processes, electron

spectroscepy (EEL, RHEEL) and the combination of them.
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(a) (b)
Fig.4.1. Comparigson of the experimental configurations that
lead to spot sgplitting in (a) transmission high-energy

electron diffraction (THEED) and (b) reflection high-energy
electron diffraction (RHEED).
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Fig.4.2. Illustration of Bloch wave matching using the
dispersion surface for a crystal slab (a) and a wedged-shapad

crystal (b) in THEED.
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(c) (d)

Fig.4.3. Illustration of Bloch wave matching for RHEED in (a),
with the relative geometry of the beams with respect to the
surface shown in (b). The specular beam is the overlap of a
series of outgoing waves from flat surface (c), whila it is
split into a series of satellites for vicinal surface (d).
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Fig.4.4. Simulated REEED patterns for a GaAs (00l1l) surface with
the incidence beam near to [010] and a glancing angle of 2.4°
without any absorption: (a) diffraction pattern and (b) y-
modulated representation of the same.

Fig.4.5. Simulated RHEED patterns for a GaAs(001) surface for
the same conditions as in Fig.4.4 but with a vicinal surface
2.5° off (010) zone axis: (a) diffraction pattern and (b) y-
modulated representation of the same.
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Fig.4.6. Y-modulated RHEED patterns for the same conditions
as for Fig.4.4, except for incident angles of 1.55° and 2.86°
in (a) and (b), respectively.

Fig.4.7. Y-modulated RHEED patterns for the same conditions
as in Fig.4.6(a) and (b), raspectively, with a change of the
azimuthal angle to 1°.
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Fig.4.8. Plots of the ratio of the intensity of the specular
beam to the (333), beam as a function of azimuthal angle for
a fixed incidenca angle (a) and as a function of the incident
glancing angle for a fixed azimuthal angle,

O(mrad) O 1% 10%

GaAs (001)
Fig.4.9. Intensity maps for GaAs Fig.4.10. Y-modulated
crystal at different glancing angles, maps of the first row
with different absorption, 100keV and in Fig.4.9, 0,=8mRad.

the [010] azimutk.
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Fig.4.13. Plots of the vacuum wave vectors as a function of
incidence angle. When tha curves are decreasing the wave
vector is purely imaginary, and when the wave vector is
increasing the value is fully real.
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Fig.4.14. Plots for the strongest Bloch wave. (a) The real and
imaginary components of the wave vector k* and k' respectively
and the current flow S,. (b) The excitation amplitude.

2,00 - 0.80 -
] W ]
1 3 1
1.50 -1:‘ go,so 3
] w
= 3 E
4
3 ] 5
é 1.00 ] w40 J
] 4
g 1 (KRZ) s
3 (s2) S
0.50 0.20 3
- £020 3
] 5 p
1 wi2) d J
0'00: O.DO-.- T T T rTT Y T irrT T™rr rrrrirfret
10.00 20.00 30.00 40.00 10.00 20.00 300 | 40.0
INCIDENT GLANGING ANGLE {MRAD) INCIDENT GLANCING ANGLE {MRAD)
() (b)

Fig.4.15. As for Fig.4.14, but for the next strongest Bloch
wave.




Chapter V. Surface phenomena in RHEED and RHEEM

by the BMCR method

5.1. Introduction

In the previous chapters, the Bloch wave solution in the
Bragg case and the consistency between this solution and its
propagation in multislice have been studied [1-2]. These have
laid down a solid foundation for combining the different
methods to work together and the method of "Bloch Wave +
Multislice Combined for Reflection" (BMCR) has emerged as a
new approach to electron reflaection.

In this chapter, the primary results of simulating
various surface phenomena i.e. the stationary solutions
defective surface are presented using the BMCR method. I will
describe simulations of the effects of surface reconstructions
and adsorption on RHEED patterns. Simulations of surface steps
and their effects on the wave field are analyzed numerically.
The existence of the surface wave which is related to electron
surface resonance phenomena is demonstrated. Finally, an
infinitely convergent (convergence not limited by iteration
thickness) true stationary solution for an arbitrary surface
for HEER has been obtained by using a method which I called

"the edge patching method" or "the EPMO method" (Edge Patching
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in the Multislice Only mode). A simple comparison between a

simulated RHEED pattern and an experimental result is given.

5.2. Surface reconstrunction and adsorption in RHEED

The observation of surface reconstructions and
chemisorption by RHEED dates back to the 1960’s. Sewell and
Cohen [3] first reported observation of an oxygen-nickel
structure on the nickel (001) and (111) surfaces by RHEED in
1965. In the same year, Mitchell et al. [4] showed the
existence of a 2xl1 reconstruction ‘on. the copper (001) surface
in RHEED patterns. Later on, studies in this field
intensified. Simmon et al. [5] carried out both LEED and RHEED
studies of the absorption of oxygen on (100), (110) and (111)
single crystal surfaces of copper, while Siegel et al. [6]
developed a UHV RHEED camera for the study of surface
absorption. Investigations on copper surfaces were also made
by Trepte et al. [7]. In the late 1970’3, Ino’s group [8-9]
successfully used RHEED to study the reconstruction of the
Si(111l) surface. The patterns obtained were more detailed than
any others. ﬁowever, the analyses of these results were only
kinematical, i.e. geometrical analyses of the spot positions.

In this section, results of dynamical simulations of

surface reconstructions and adsorption in RHEED using the
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newly developed BMCR method are presented. Fig.5.1 shows the
unit cell construction for the Bloch wave calculation (a) and
the multislice (b). The system used is fcc gold and absorption
is included by taking the imaginary potential as 10% of the
real potential in both the Bloch wave and multislice
calculations. The size of the unit cell is 8ax2a (a denotes
the magnitude of primitive wvector of conventional unit cell
of gold). For the 2xl1 reconstruction or adsorption, the y
dimension of the unit cell needs to be two times larger. To
satisfy the sampling theorem, the maximum x dimension of the
unit cell is 8a when the maximum array size allowed in the
program is used. This may result in more edge effects during
the multislice because the x dimension of the unit cell is
half that used in Chapter III. To reduce the edge effects, the
surface is moved further towards the right in the unit cells
indicated in both (a) and (b), which leaves more room for the
reflected waves, This is feasible, because when the absorption
is included, the rapid intensity decay in the crystal damps
edge effects on the right. In the calculation, the surface is
set at (3/4,0). The sampling array is 512x128. The
coordination in the calculation is as follows: the z-axis
[001] is from the left to the right towards the crystal; the

x-axis [100] down and the y-axis [010] inward normal to the
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page. The y-axis is along the direction of the incident wave.
All calculations were performed for 100keV incident electrons.

For the 2x1 gold surface reconstruction, one gold atom
is placed on the site indicated in (b) for each of the four
slices. For a 2xl1 oxygen chemisorbed surface, the gold atom
was replaced by an oxygen atom. The first 50-100 slices are
for the simulation of flat surface to make the incident or
trial wave function closer to the true solution for a free
surface with a surface potential.

Fig.5.2 shows the outputs of wave fields for the 2x1 gold
reconstruction in (i) and 2x1 oxygen adsorption (ii). The
total thickness from a to 1 is 607.5A. The thickness
difference between any two nearest slices is 504 and the
incidence‘angle is 30mRad. The first slice is the solution of
the Bloch wave calculation. As expected, the fidure shows that
the wave disturbance for the 2x1 gold reconstruction is much
stronger than that for the case of 2xl1 oxygen adsorption,
bacausgse gold is a stronger scatter. The incident wave starts
to be scattered by the surface at the third slice. In the
subsequent slices, the incident wave appears to be scattered
into the lower atom position, even though there is no atom on
that site. This is clearer when the incident wave is excluded

and only the Bragg reflected waves are presented, as shown in
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Fig.5.3. The slices in Fig.5.3 correspond one-to-one to the
outputs in Fig.5.2. The size of each slice in Fig.5.3 is
4ax2a. Each slice in Fig.5.3 extends fﬁom the surface into the
vacuum (from right to left) a distance of 16.2A as indicated
in the figure.

The edge effects in Fig.5.2 appear quite serious because
the size of unit cell is limited by the sampling array and the
incidence edge has already moved into the surface. The
reflected wave fields in slices i to 1 of Fig.5.3 show the
same effects. This still will erode the accuracy of the
numerical investigation in the Bragg reflectaed wave fields
and the calculation would lose rzliability when the incident
edge completely moves into the crystal, because it is no
longer a stationary solution.

Fig.5.4(i) shows the Bragg reflected waves in reciprocal
space i.e., the RHEED patterns excluding the incidence beam,
in which each pattern corresponds to a slice in Fig.5.3(i)
labeled with the same letter. Fig.5.4(ii) is a convergence
analysis of 5.4(i), and Fig.5.5 corresponds to Fig.5.3.(ii).
The convergence analyses for both 5.4(i) and 5.5(i) show
stability after 300A. One can also directly observe
consistency between the patterns k and 1.

To display the patterns more clearly, Fig.5.6 shows the
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y-modulated images of (a) and (1) for both Fig.5.4(i) and
5.5(i). There are a couple of points in Fig.5.6 to note:

i) the (01) and (01l) forbidden spots emerge at 556.8A4, because
of the existence of 2x1 surface adatoms.

ii) 2xl1 reconstruction spots occur between each two nearest
Bragg spots.

iii) The intensities of the reconstruction gpots for the 2x1
gold reconstruction are noticeably stronger than that for 2xl
oxygen adsorption,.

iv) The intensities of (03) and (03) are noticeably stronger
than (0l1) and (0l1) and the reconstruction spots.

v) The intensity of the specular spot for the 2xl1 gold
reconstruction (£=556.84) declines significantly, compared to
that for perfect flat surface (t=0), while the intensity of
the specular spot for 2x1 oxygen adsorption (t=556.84) does
not change noticeably. This information can be directly

subjected to experimental analysis.

5.3. Surface steps

Investigation of surface step distributions in real space
can provide useful information with respect to crystal growth,
evaporation, surface phase transformations and mechanical

properties [10]. Single atomic steps have been observed in
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electron microscopes on various specimens prepared by
different techniques [11-15]. Various surface phenomena
correlating with surface steps have been intensively studied
by both RHEEM and RHEED: eae.g. surface phase transformations
[11], step related surface dislocations [12], reverse contrast
of steps with defocus [14].

Many different explanations have been proposed for the
mechanism of step contrast. Cowley and Peng [16] considered
steps as phase objects with phase contrast arising from the
defocus, deviation from the Bragg condition and displacement
of the objective aperture, while Turner and Cowley [17]
suggested that a surface step can split the electron beam into
Bragg-Bragg (BB) and Bragg-Laue (BL) beams and the
interference between the two produce fringes along the step.

A dynamical interpretation of step contrast was first
attempted by Peng et al. [18] using the multislice approach.
However, the calculations were performed without a clear
indication of reaching a stationary solution. We now have more
favorable conditions to perform simulations of surface steps.

Fig.5.7 shows the unit cell constructions of a step-up
(a) and a step—-down (b). The system in the calculation is fcc
gold, and absorption is included by taking the imaginary

potential as 10% of the real potential in both the Bloch wave
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and multislice. The size of the unit cell is l6axla while the
results are displayed as B8ax2a and the sampling array is
1024x64. The coordination set-up is the same as that used in
Section 2. The surface is also set at (3/4,0). For an atomic
step-up, one row of gold atoms is added to the surface in each
multislice iteration, while for an atomic step-down, one row
of gold atoms is taken from the surface in each multisiice
iterations. The first 100 slices are used for the steady wave
field in the crystal with surface potential. The remaining 500
slices are inserted with steps.

Fig.5.8 and 5.9 show the results of the calculation with
the surface steps included. The total thickness in each case
is 607.5A and the thickness difference between output slices
is 50A. Fig.5.8 shows the results for 25mRad incidence, while
Fig.5.9 shows the results for 30mRad incidence for both step-
up (a) and step-down (b). One of the most important features
of these results is that the wave fields converge to the
original stationary state after about 250A (from d to h),
during which the wave fields are disturbed by the steps. The
transition range of 200-250A both begins and ends with the
stationary states. The results clearly indicate that the
gimulation of wave disturbance resulted from the steps has not

been seriously affected by the incoming edge after 607.5A,
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which is a necessary condition for the wvalidity of the
analysis. However, they still should not be considered as true
stationary solutions. The edge patching method discussed later
will solve this problem. Comparing (a) with (b) in both
Fig.5.8 and 5.9, one can see that the wave disturbance of a
step-up is better confined than that of a step-down and the
transition range of a step-up (about 250A) is a little shorter
than that of a step-down (>250A). This phenomenon so far has
no experimental confirmation.

For comparison, Fig.5.10 shows the wave fields in vacuum
for a surface with one step-down (a), the flat surface (b)
and the surface with one step-up (c). The incidence angle is
30mRad and the size of each slice 4axla, which extends into
the vacuum a distance of 4a. The stability of the vacuum waves
in (b) tests the reliability of the simulation. The Bragg
reflected wave fields excluding the incidence wave are shown
in Fig.5.11, which correspond to Fig.5.10, except that the
size of the displayed slices is 8axla i.e. twice as iarge as
that in Fig.5.10 along the {001] axis (see Fig.5.1). The wave
disturbance due to the step appears clearly in Fig.5.11 and
the electron intensity distribution for a step-down appears
to be reflected further away from the surface than that for

a step-up.
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To simulate RHEEM in an electron microscope, the specular
beam is exclusively picked for imaging and the optical axis
tilted to Dbe coincident with the specular beam. One
dimensional images for the last slice in Fig.5.10 (a), (b) and
(c) (t=556.84) are shown in Fig.5.12(i). They are the plots
of wave intensities versus the distance from the surface into
vacuum (0-6x4.04978, from right to left). Each column is a
focal series from -3000A to 3000A in Fig.5.10 (a2), (b), (c).
The defocus step Af=1000A. The contrast reversal with defocus
is quite clearly demonstrated. However, it should be pointed
out that there is a considerable amount of numerical errors
in the calculation due to a limited cell size and the one
dimensional images simulated here should be handled
cautiously. For example, the width of each Bragg peak shown
in the y-modulated patterns in Fig.5.6 indicates the existence
of numerical errors. Theoretically, all Bragg peaks should be
narrow and converged to one point in an ideal crystal
potential and there should be no contrast from the flat
surface, when a single beam is used. We consider that the
numerical errors are mainly responsible for the contrast in
the images we obtained from a free surface. The errors are
also involved in the imaging calculation. To partially correct

the errors, Fig.5.12(ii) shows the results of subtracting the
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middle column, 1-D pictures of the flat surface from each of
other two columns, 1-D pictures of the surfaces with steps.
It is obvious that the step contrast is enhanced after the
subtraction. To quantitatively estimate the errors, the
contrast level of each picture is calculated as CL=SD/MEAN,
where SD is the standard deviation and MEAN is the mean level
of the picture and then CL are averaged over each focal
series. For a step-up, a flat surface and a step-down, we
obtained average contrast level from Fig.5.12(i) of 0.58,
0.13, 0.31. After the correction, as shown in Fig.5.12(ii}),
we obtained 1.41, 0, 0.87. Obviously, the errors are large:
from 22% to 40%. Note that the results seem to suggest that
the contrast level of a step-up is generally higher than that

of a step-down.

5.4. Surface wave

Surface wave is a topic which has a long history in high
energy electron reflection. The concept of a surface wave
dates back to the time when Kikuchi et al. [19] first observed
the intensity enhancement of the specular spot in RHEED, the
"second kind of anomaly" (later on called ‘"surface
regonance”"). The surface wave was later considered to be

associated with surface resonance.
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From the discussion in the previous chaptersg, however,
it is apparent that a consistent, and convincing theory of
electron surface raesonance phenomena, wvalid for both low and
high energy cases, has not appeared.

In this section, some results concerning "surface wave",
using the newly developed BMCR method are presented, which
clearly indicated the possible existence of a "surface wave".
However, I will only present the numerical results and not
attempt further theoretical speculatiocn.

Fig.5.13 shows the y-modulated diffraction patterns at
three different thicknesses for 100keV electrons and a gold
(001) surface: 506.2, 556.8, 607.5A, for three different
surfaces--a surface with a step-up, a flat surface and a
surface with a step-down. The incident angle is 35mRad and an
absorption of 10% is included. The step is introduced at
101.2A. It should be noted that the threshold incidence for
the emergence of (04) spots is 36.6mRad, which is close to
35mRad. The patterns calculated for a surface with steps
appear quite different from those for a flat surface, although
the positions of the three basic reflection spots remained
unchanged. It should be pointed out that there is no intensity
comparison between the two different surfaces because of

different normalization and display conditions.
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For av surface with a step-up, spot broadening is
apparent. The beam broadening in reflection caused by surface
features is similar to the beam broadening in transmission
caused by defects in the bulk crystal. Secondly, all of the
three Bragg reflected beams have a small satellite. We have
discussed the correlation between spot splitting and regular
surface steps elsewhere [20] by using a Bloch wave argument.
Here, the results £from the BMCR method also implicate
splitting from a single step. In each pattern of the surface
with a step-down, two additional spots occur near the
intersections between the Laue circle and the x axis in
reciprocal space. These two beams are apparently parallel or
nearly parallel to the surface. It is obvious that these two
spots are the results of a step-down, compared to the patterns
from a flat surface and the surface with a step-up. This also
shows that a step-down may make the surface wave more visgible.
However, the true physical mechanism of the emergence of these
spots merits further study and a c¢lear experimental
conformation. Nevertheless, theoretical -speculation of the
existence of surface wave which is either a "Bragg reflection
in a side direction" in the sense of Miyake et al. [21] or a
"wave trapped in surface state" in the sense of McRae [22],

is not necessarily related to steps or other surface features.
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There should also be additional spots along the x axis in the
patterns of the flat surface and the surface with a step-up.
It is possible that the intensities of these spots might be
extremely low because of the special geometry and absorption
at the surface. These regions are displayed separately and the
results are shown in Fig.5.14. The spots are there, but they
have extremely lower intensities: only 10*-10"° of the
intensities of the spots shown in Fig.5.13. Apparently, these
waves have no way to emerge in the experiments and will be
concealed in the background of inelastic scattering. Fig.5.14
shows the spots of the "surface wave" in the patterns of the
last two output slices: t=506.2, 556.8A for the flat surface
and the surface with a step-up. The intensity for a flat
surface is weaker than for a surface with a step-up, which
implies that steps or other surface features tend to "release"
the surface wave.
At this stage, we can at least conclude that a "surface
wave'" may be a truly detectable entity in high energy electron
reflection and the best system for the observation would be

an atomic smooth surface with some down steps.

5.5. Edge patching method

In the Bragg case, it has been noted that the intensity
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of the wave field I(r)=y(r)y(r)" is independent of the
distance along the beam direction when only the zero Laue-zone
is taken into account. In other words, in the Bragg case, the
electron wave has the following form:

Y z)=y(g, y)=y’ (@)exp[id(y)] (5.1)
Here, the z axis is inward normal to crystal surface and the
incident beam direction is along the y axis. g is a real space
vector in the plane perpendicular to the y axis.

Equation (5.1) has been verified numerically by both the
Bloch wave method and the BMCR method. A simple analytical
proof is also given by Appendix 3.2.

Substituting Equation (5.1) into Equation(3.29), we
obtain:

Y (q)exp[i¢(Ya.) 1={Y () exp[id(¥.) ] .Po (D, ¥Yoir=¥a) } *Po (D, Your~¥a)
(5.2)
As indicated before, the phase term ¢(y) has a linear relation
with y: ¢(y)=cy. If the reference phase is taken as ¢(0)=0 and
the thickness of each iteration is the same, then (5.2) can
be rewritten as:
Y’ (g)exp[i (n+l) cAy]={y’ () exp[incAy].P (q, Ay) }.P. (g, Ay) (5.3)
Equation (5.3) shows two aspects of the multislice iteration

in the Bragg case: on one hand, for W’ (q), each iteration is
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equivalent to a Picard iteration cycle; on the other hand,
each iteration makes a constant increment in phase to the wave
field exp[icAy]. This means that the difference between the
wave fields of any two slices is only a constant phase term:
exp (imcAy) . We note that the multislice iteration in the Bragg
case is similar to the Picard iteration, but not exactly the
same. This Piéard iteration-like character of the multislice
calculation as well as the 2-D dependence of the wave
intensity in the Bragg case forms the basis for the
development of "the edge patching method".

As mentioned in Chapter III, the BMCR method uses the BWO
trial wave function for a more favorable condition for HEER
simulation. However, this does not eiiminated edge aeffects.
Therefore, it is still not an infinitely convergent method.

It is obvious that to obtain a convergent stationary
solution not limited by iteration thickness for an arbitrary
crystal surface, one must solve the problem of the inward
moving edge. As discussed before, there is only a constant
phase difference exp[imcAy] between any two slices for the
multislice iterations in the Bragg case. The deteriorated edge
can be replaced by the edge of the input wave field as long
as it is multiplied by a proper phase term explmcAy]. and ¢

can be calculated either analytically or numerically. We call
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this "patching" approach. It should be pointed out that it is
not necessary to repair the deteriorated edge for each
iteration because the moving edge seriously deteriorates the
solution only after a certain number of iterations. The rate
of deterioration of the edge depends primarily upon three
parameters: incidence energy (E,), incidence angle (0,) and
slice thickness (Az) and the frequency of repairing has been
set as self-adjustable in the program.

Fig.5.15(i) and (ii) show the comparison between the wave
field calculated with and without the edge patching method.
Both of them are calculated for the Au(00l1l) surface and 100keV
incident electron. The incident angle is 30mRad and absorption
is included by taking the imaginary potential as 10% of the
real potential in both the Bloch wave and multislice
calculations. The conditions and coordination system used for
the calculations are the same as those for Fig.3.14. The
thickness between any two adjacent slices in (i) is 50.64,
while it is 101.2A in (ii) i.é. the total thickness calculated
in (ii) is twice as large as that in (ii): 1113.2A. (i) was
calculated using the BMCR method without edge patching, while
(ii) was calculated wusing the BMCR method with the edge
patching. The replaced edge in (ii) is 1/3 of the area of the

vacuum wave along the 2z axis. The continuity between the
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patched area and non-patched in (ii) is clearly demonstrated
and the deteriorated edge has disappeared. In other words, a
stationary solution not limited by iteration thickness has
been obtained. However, this is still not a real proof of the
infinity of convergence, because here, the Bloch wave solution
as an input wave of multislice iteration is already quite
close to the true stationary solution and so is the replaced
edge area cut from the original input Bloch wave. If the Bloch
wave is far from the true stationary solution, there will be
discontinuity between the patched edge area and the non-
patched area, because the patched edge area is now very
different from the true stationary solution generated in the
non-patched area by the multislice iterations. However, the
results show that this discontinuity does not matter for the
area in which the true stationary solution has been reached.
This is shown in Fig.5.16(i) and (ii), which correspond to
Fig.5.2 (i) and (ii). All of the calculation conditions in the
two figures are the same, except that here the edge patching
method is used and 2050 iterations are calculated. The series
of output slice numbers are: 1,100, 200, 300, 400, 500, 600,
700, 800, 900, 1100, 1300, 1500, 1700, 2050. Thus we have
calculated wave fields for thickness up to 2075.5A which is

much thicker than what was previously possible. For the last
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four slices in either Fig.5.16(i) or (ii), the stationary wave
field from a surface with either reconstruction or adsorption
has already moved into the patching edge area. The wave field
in the patched area is quite different from the stationary
wave field in the non-patched area on the right because it is
cut from the solution for a free surface. Nevertheless, when
we continue the iterations, this inconsistency does not affect
the stationary solution of an imperfect surface in the non-
patched area. This can be further demonstrated in reciprocal
space. Fig.5.17(i) and (ii) show the RHEED patterns
corresponding to Fig.5.16(i) and (ii). Fig.5.18(i) and (ii)
show the y-modulated patterns corresponding to the last four
RHEED patterns in Fig.5.17(i) and (ii). The stationary
character of these solutions is apparent. The vacuum wave in
each slice is the superposition of two parts, the incident
wave and the Bragg reflected waves. The Bragg reflected wave
front always moﬁes away from the crystal surface while the
incident wave front moves towards the crystal surface. This
is the major source of the edge effects.

Along the y axis, both the Bragg reflected wave and the
incident plane wave have the same phase difference between any
two slices. When edge patching is carried out, both of them

are multiplied by a phase term. In the case of poor trial
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function, the Bragg reflected wave components may be far from
the true solution, but the incident plane wave is always the
same. Because the wave front of the reflected waves always
move away from the crystal, it does not matter if the Bragg
reflected waves in the patched area are far from the true
solution. What is important is to preserve the continuity of
the incident plane wave field. This argument provides a method
to reach an infinitely convergent true stationary solution not
limited by the slice thickness for any kinds of crystal
surfaces.

This argument alsoc implies that a plane wave should also
be usable as a trial wave, since only the incident plane wave
component in the replaced patched edge area is significant.
In other words, we now have another independent computation
method which we call "the edge patching method in multislice-~
only mode" (the EPMO method).

When the computation program (Chapter III) is shifted to
the Multisglice-only & Reflection mode, we obtain the results
shown in Fig.5.19, which correspond to Fig.5.16. All of the
calculation conditions are as the same as those for Fig.5.16,
except for the input trial wave function which is now a tilted
plane wave (30mRad) instead of the BWO solution of a perfect

surface. There is now only one plane wave component left in
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the patched area which acts like an "infinite plane wave
source". This simulates the real condition of an electron
microscope which usually has a beam size of several tens of
nanometers. The results show that an incident beam with this
size can be modeled as an infinite plane wave not only in the
Laue case but also in the Bragg case.

Fig.5.20(i) and (ii) show the wave fields calculated for
a perfect Au(001l) surface with different incident angles: (i)
for 25mRad and (ii) for 30mRad. The results correspond to Fig
3.10(i) and Fig.3.14(i) and the calculation conditions are the
same for the two cases with the exception that here the EPMO
method is used instead of the BWO or BMCR method and that the
series of output slice numbers are: 1, 100, 300, 600, 900,
1000, 1100, 1200, 1300, 1500, 1700, 2050. The last four slices
in Fig.8 (i) and (ii) show the consistency between the three
methods. A more precise numerical analysis of the consistency
between these methods can be easily carried out using the
intensity analysis methods used in Chapter III. The
consistency parameters have been calculated from the last ones
of the slices of Fig.5.20(i) and (ii) (the EPMO solutions),
the first ones of the slices in Fig.3.10(i) and Fig.3.14(i)
(the BWO solutions) and the last ones of the slices in

Fig.3.10(i) and ¥Fig.3.14(i) (the BMCR solutions).
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For 25mRad: Repuo-swo=0.056; Ripp.pue;=0.068
For 30mRad: Repuoswc=0.071; Ry nuz=0.055
R is defined by Equation (3.40). As far as numerical accuracy
is concerned, these wvalues of the consistency parameter show
that the solutions of the three methods are consistent with
each other. However, they are not so good as the consistence
data between the BWO and BMCR method (<1%) (Fig.3.10, 3.14).
There are two basic sources of errors: 1) a large number of
iterations and 2) the edge patching continuously introduces
a small phase error (about 1lmRad). The results show that the
errors have not jeopardized the final solution. Nevertheless,
we should be careful in using the EPMO method for a

quantitative analysis of the experimental data.

5.6. Comparison between the results by the EPMO method and

experiments

Although the wvalidity of the EPMO method has been
theoretically verified by its consistency with the Bloch wave
method (the BWO method) and the BMCR method for different
surfaces with sufficient rigor, it is still necessary to
demonstrate its consistency with experiments. Here is a simple
example,

Fig.5.21(a) shows an experimental RHEED pattern taken
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from the GaAs(001l) surface by Cho [23]. A schematic diagram
of the GaAs (001) surface viewed at normal incidence is shown
in Fig.5.21(b). The incident glancing angle is less than 1°,
and the azimuth is along [110]. The incident electron energy
is 40keV. The pattern corresponds to the 2x8 reconstruction
on the GaAs{(00l) surface: one missing row along the incident
beam and seven missing rows in the direction perpendicular to
the incident beam. The specular spot is centered and the two
outside spots corresponding to the 1lxl surface are indexed as
(01) and (0l) respectively. For the GaAs(001l) surface, the
size of the 1x1 surface unit cell is 3.9894x3.98944.
Therefore, for 1° incident angle, the values of the threshold
enexrgy for (01l) and (02) spots are 30.l1lkeV and 111, 7keV
respectively. Thus, for 40keV incidence energy, (02) spots
cannot emerge in the pattern. The two inside spots a;e due to
the missing row reconstruction along the incident beam
direction [110].

To simulate this pattern, multislice calculations were
performed under the same conditions as those for the RHEED
pattern in Fig.5.21(a). Fig.5.22(a) is a diagram of the
primitive unit cell of GaAs along the [110] zone axis.
Fig.5.22(b) and (c) show the slice construction for multislice

for a perfect surface and a surface with the missing row
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reconstruction respectively. Both of them are Ga termination
surfaces. For a missing row reconstruction along {[110]
direction (perpendicular to incident beam), the top-most Ga
atoms are taken off with a certain periodicity through
continuous multislice iterations. For the 2x8 reconstruction,
one Ga atom is left for every 8 unit cells along the beam
direction, while for the 2x16 reconstruction one Ga atom is
left for every 16 unit cells along the beam direction.

Fig.5.23 shows calculation RHEED patterns for three
different surfaces: (a) perfect GaAs(00l) surface, (b)
GaAs (001) surface with a 2x8 reconstruction and (c) GaAs (001)
surface with a 2x16 reconstruction. The incident glancing
angle is 1°. These calculated patterns show that this incident
angle is a 1little larger than that for the experimental
pattern in Fig.5.21(a). As expected, for a perfect GaAs(001)
surface, there are only three spots in the calculated RHEED
pattern in (a): one specular spot (0,0) and the two (0,1)
spots. As shown in (b) and (c), for the 2xn reconstruction,
two reconstruction spots occur between the (00) specular spot
and the two (0l) spots. They are indexed as (0,1/2) and
(0,1/2) respectively. The intensities of the two reconstruc-
tion spots in (b) are significantly stronger than the

corresponding ones in (¢). This is because each reconstructed
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atomic row along the beam direction for the 2x8 reconstruction
possesses two times as many atoms as the corresponding ones
for the 2x16 reconstruction, and the scattering effects is
stronger. In other words, the intensity ratio between the
reconstruction spots and the specular spot can give at least
qualitative information about the reconstruction in the
direction perpendicular to the incident beam. As expected, the
calculated pattern in (c) matches with better the experimental
RHEED pattern in Fig.5.21(a). Compared with (b) and (c), the
specular spot in (a) is much weaker than that in (b) and (c).
This means that the reconstruction can enhance the specular
beam significantly in this case. Conversely, in the case of
the 2x1 reconstruction on Au(001l) surface, the specular beam
is weaken by reconstruction dramatically (Fig.5.7, 5.18). The
physics behind this phenomenal difference is not clear.

Here, we have only a qualitative comparison between the
RHEED simulated using the EPMO method and experimental RHEED
pattern. However, this clearly indicates that the application
of the EPMO method to quantitative analyses of HEER

experiments has promise.

§5.7. Interim summary

The primary results obtained by means of the BMCR method
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in this chapter can be considered as the last step of the
three-step development of the method.

i) Solving the n-beam Bloch wave problem in the Bragg case.
ii) Investigating the consistency and the conditions for the
consistency between the Bloch wave method and multislice
iterations in the Bragg case.

iii) Applying the BMCR method to some real problem and testing
the potential of the method.

The results appear to be encouraging. The importance of
the ideas of "verification" and "combination" associated with
the BMCR method has been demonstrated.

It has been proved that the edge patching method finally
solves the problem of the edge effects, which can be
considered as either an improvement of the BMCR method or an
independent computation method for HEER (the EPMO method) due
to the argument of the "infinite plane source". An infinitely
convergent true stationary solution for an arbitrary surface
for HEER has been obtained using the EPMO method. A simple
demonstration of its consistency with experimental results in
Section 5.5 clearly shows the promising prospect of the
application of the EPMO method to HEER experimental analyses.

The computation speed for the BMCR method has been

brought down to the speed of the EPMO method when the Bloch
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wave solution is used as a reusable trial function. For the
simulations of 600 slices of sampling size 1024x64 on Apollo
3500, the CPU time will not exceed 6 hours. This is manageable
on many computation facilities.

However, both the BMCR and EPMO methods only provide a
new apparatus for solving the problem instead of a solution
of problems. Further applications of thése two methods will

definitely explore more physical insights of HEER.
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(a) Bloch wave (b) Multislice
Fig.5.1. Unit cell set-up for the simulation of surface
reconstruction adsorption. (a) Unit cell for the Bloch wave
calculation. (b) Unit cell for multislice calculation.

2x1 Au Re.
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Fig.5.2. Wave field outputs from multislice iterations for
2x1 gold reconstruction (i) and 2x1 oxygen adsorption (ii).
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Fig.5.3. Outputs of the Bragg reflected wave fields, excluding
incident wave, from the multislice iterations, for 2xl1 gold
reconstruction (i) and 2x1 oxygen adsorption (ii). The rest
of the conditions are the same as those in Fig.5.2.
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Fig.5.4. (i) RHEED patterns excluding the incident beam, one-

to-one corresponding to the output slices in Fig.5.2(i). (ii)
The convergence curve of (i).
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Fig.5.5. (i) RHEED patterns excluding the incident beam, one-
to-one corresponding to the output slices in Fig.5.2(ii). (ii)
The convergence curve of (i).




Fig.5.6.

Thickness:

2:1 Au Surface Reconstruction

¥-modulated patterns
Fig.5.4(1) and Fig.5.5(i).
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N

Fig.5.7. Unit cell set-up for simulations of step-up (a) and
step-down (b). Upper two are the unit cells for the Bloch wave

calculation and lower two are the unit cells for multislice
iterations.
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Fig.5.8. Wave field outputs from multislice iterations for the
simulations of step-up (i) and step-down (ii). They are
introduced at slice ¢. The thicknesses of the first and last
slices are 0 and 607.5A respectively. The thickness difference

between two nearest slices is 50A and the beam incidence
25mRad.
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Fig.5.9. Wave field outputs from multislice iteration under
the same conditions as those for Fig.5.8, except the beam

incidence is 30mRad.
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Fig.5.10. Wave field outputs in vacuum which include the Bragg
reflected waves and the incident wave from multislice
iterations for the simulations of the surface with step-up
(a), flat surface (b) and the surface with step-down (c).
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except that the size of unit cells displayed is B8axla.
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Fig.5.12. (1) Focal series of one dimensional imaging

cgntrasts by using specular beam alone, crossing the wave
disturbance caused by steps in the last slice in Fig.5.10(a),
(b) and (c) (t=556.8A). The defocus range is from -3000A to
3000A and defocus step is 1000A. (ii) Results of subtracting
the middle column from each of three columns in (i) .
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Flal-surface

Fig.5.13., Y-modulated images of diffraction patterns at three
different thicknesses; 506.2, 556.8, 607.5A, for three
different surfaces; the surface with step-up, flat surface and
the surface with step-down. The beam incidence is 35mRad and
absorption 10%. The step is introduced at t=101.2A

surface waves For up step

thickness:  506.7 5%6.8 (M)

Surface waves for flat surface

Thickness: 506.2 9%6.8 (R)

Fig.5.14. Spots of surface waves in the patterns of last two

output slices; t=506.2, 556.8A, for the flat surface and the
surface with a step-up.
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Fig.5.15. (i) Wave fields calculated without the edge patching
method. The thickness difference between two nearest slices
is 50.6A. (ii) Wave fields calculated with the edge patching
method. The thickness difference between two nearest slices
is 101.2A. Both (i) and (ii) were calculated for Au(001)
surface, 100keV electron, 30mRad incidence and 10% absorption.
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Fig.5.16. Wave fields calculated for the 2x1 Au(001) 31'nl:face
(i) and the 2xl1 oxygen adsorption on Au{(001) surface (ii) .




(ii)

Fig.5.17. (i) RHEED patterns corresponding to Fig.5.16(1).
(ii) RHEED patterns corresponding to Fig.5.16(ii).
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2x1 Au(001) Surface Reconstruction

Slice No.: 1300 1500

2x1 0 Absorption on Au(001) Surface
Slice No.: 1300 1500

Slice No.: 1700 . 2050

Fig.5.18. (i) Y-modulated patterns corresponding to the last
four RHEED patterns in Fig.5.17(i). (ii) Y-modulated patterns
corresponding to the last four patterns in Fig.5.17(ii).
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Fig.5.19. (i), (ii) Wave fields for the same conditions as
those for Fig.5.16, except that the EPMO method is used here.
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Fig.5.20, Wave fields calculated for per _suz
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for (i) and 30mRad incidence for (ii).
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Fig.5.21. (a) Experimental RHEED pattern taken from GaAs (001)
surface by Cho (1971). The incident angle is less than 1° and
azimuth is along the [110] orientation. Electron energy is
40kaV. (b) Schematic diagram of GaAs({00l1) surface view at
normal incidence.
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(c)

Fig.5.22. (a) Diagram of the primitive unit cell of GaAs along
the [110] zone axis. Slice constructions for multislice
calculations for a perfect GaAs(001) surface (b) and Gaas (001)
surface with one missing row reconstruction along the incident
beam.
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Fig.5.23. Calculated RHEED patterns for three different
surface: (a) perfect GaAs (001l) surface, (b) GaAs(001l) surface
with the 2x2 reconstruction and (c) GaAs (001) surface with the
2x8 reconstruction. Electron energy is 40keV. The incident
glancing angle is 1° and the azimuth is along [110]
orientation.




Chapter VI. Supplement: Ballistic surface diffusion

6.1. Introduction

To study surfaces, RHEED and RHEEM have proved to be
important techniques parallel to various other approaches,
such as scanning electron microscopy (SEM), high resolution
electron microscopy (HREM) etc. Unfortunately, in all these
beam-probe techniques, the electron beam both probes and
changes the structure of a surface. In particular, two
unwanted processes c¢an occur, enhanced thermal surface
diffusion due to electron beam heating and athermal surface
diffusion by either an electronic mechanism [1l] or by direct
knock-on of a surface atom. Except for highly insulating
materials, experiments {(in transmission) have shown that the
temperature rise due to beam heating is small, of the order
of 10 degrees [2-3], and c¢an therefore be neglected. For
athermal processes, the incoming electrons can cause
electronic transitions which are converted into atomic motion
leading to either preferential desorption of one spécies [4-
6], or surface diffusion [1]; electron-stimulated desorption
and diffusion for whicﬁ various models have been proposed [7-
10]. However, a knock-on mechanism for surface diffusion has

not been investigated in detail. In the following sections,
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a numerical study of this process, athermal ballistic surface
diffusion due to the Rutherford scattering is described. Note
that this process is analogous to stimulated migration of

point defects in a solid.

6.2. Model and numerical development

Ballistic surface diffusion can be divided into two
steps; the initial scattering of the electrons which provides
an impulse to the target atom and the actual diffusion of the
atom (after the electron has left). The former is a collision
process and finishes in a very short time, about 10 seconds.
The latter is the dynamical motion of the scattering atoms in
the surface potential, and takes place with the more leisurely
time scale of thermal wvibrations, i.e. 10 seconds. Our
approach here is to consider first the diffusion problem for
a range of different Gectors for the initial atom momentum,
and then later to tie in the results from these calculations
of the probability that the atom will diffuse or be sputtered,
with calculations of the actual initial momentum of the target
(which is a function of the beam energy and direction relative
to the surface).

To model the dynamical motion of surface atoms, we used

a Lennard-Jones potential, with 6 rows and 20 atoms in each
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row (Fig.6.l(a), (b)), ta.king thogse of gold [11] for our
parameters. (A Lennard-Jones potential was used solely as a
pragmatic choice to make the problem tractable). The blackened
atoms in both figures are the atoms whose c¢lassical
trajectories were numerically integrated. The case shown in
Fig.6.1(a) models an adatom, while Fig.6.1(b) models a flat
surface, and in both cases thé initial velocity from the
Rutherford scattering was given to the black atoms only. The
approximation of reducing a 3-D problem to 2-D is based on the
assumption that the surface potential well has central
symmetry. A fourth order Runge-Kutta method was employed for
the numerical calculations and the dynamical calculations of
the trajectories of adatom or in-surface atom were performed
as a function of the'energy and initial displacement direction

+

of the surface atom.

6.3. Analysis

Of interest is the critical enerqgy when the adatom or in-
surface atom Jjust surmounts the potential barrier built up by
the neighboring atoms. First, all the other atoms were assumed
fixed. Fig.6.2 shows two typical trajectories of an adatom,
in a) when the surface atom just surmounts the surface barrier

and b) when the adatom is just reflected. Similar trajectories
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were obtained for the in-surface case. Fig.6.3(a) and (b) show
the critical curves of the energies for these situations; only
atoms with kinetic energy above the curve will diffuse. These
two curves clearly show a smooth behavior with functionality
no matter how complicated the trajectories of the surface
atoms are. For the adatom, the critical curve has a simple
parabolic character, while the critical curve of an in-surface
atom appears more complicated. This is because for the in-
surface case, the movable atom is strongly interacting with
its four neighboring atoms.

Similar <calculations for the c¢case in which one
neighboring atom is movable were also performed for both
adatom and in-surface atom. Fig.6.4(a) shows the case when the
adatom is 3just reflected by the potential barrier, while
Fig.6.4(b) shows when it just surmounts the barrier. The
neighboring atom vibrates around its equilibrium position in
both cases. The calculations indicated that the time required
for the ballistic diffusion process of one adatom or in-
surface atom is around 10™s and the time required for the
kinetic energy of an adatom or in-surface atom to be
transferred to its neighbors atoms is about 107%*-10*s. The
results showed no big change in the critical curve, and the

assumption that the neighboring atoms are fixed appears to be
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a reasonable approximation.

For the scattering process we applied Ruthford scattering
theory using the scattering geometry shown in Fig.6.5. The
energy transferred to a single surface atom by a single
scattered electron is given by the equatien;

E=E_,,cos?(0) (6.1)
where E_, is the maximum energy that the electron can transfer
to the atom:

E,=2E, (B +2nc?) /Mc? (6.2)
where E, is the incident energy. Substituting (6.1) into the
equation for the critical curve,

£(0)=E/E, (6.3)

we then obtain the following relationship:
E../E, = £(0) /cos (180-0"-0) (6.4)
Dif:E.erent values of 0" represent different geometries of the
surface with respect to the direction of the incident
electron. The physical significance of Equation (6.4) is that
the energy required for the diffusion of a surface atom is a
function of the ejection angle 6 and the angle between the
surface and beam direction 6". Plotting E.,./E, vs 6 for

different 0", we obtain a series of critical curves for E__ as

shown in Fig.6.6(a) and (b) for the adatom and in-surface atom
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cases respectively.

These curves were then used to determine the scattering
angle range within which the scattered atoms can be diffused
as shown in Fig.6.7. 1 is the value of E,,/E, for the given
accelerating voltage. The scattering probability of the adatom
or in-gsurface atom is then given by:

MFJ' G (0) n,dQ (0) (6.5)
Q
where the physical significance of M, is the probability of
one surface atom being scattered into a solid angle Q per
incident electron per second, ¢(0) the differential Rutherford
scattering cross-section, and n the electron flux. If we
substitute for the quantities in (6.5), we obtain:

0,
M,=471mn, (22’ e/21v) Z.J- |sin (6"+0) |x
e

(1+({1+sin’2 (0"+0) / [m/M-cos2 (0"+0) 1?}*?} %d8 (6. 6)
where 2Z is the atomic number of surface atom after the
modification for the Coulomb screening, Z’=1 for an electron,
m the reduced mass and v the relativistic velocity of the
electron. The inverse of M,, T,=1/M, has units of (atom.s/ST),
where ST denotes the times for each atom to be scattered. Its

physical significance is the time required for every atoms in
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a monolayer to be displaced. The upper and lower limits, 0, and
0, are determined by the value of E_, which were calculated

from the kinetic energy of the incident electrons.

6.4. Results

To provide some hard data, an accelerating voltage of
200keV and a current density of 1.8A.cm™® have been taken. The
calculated results for different surface geometries for both
adatom case and in-surface case are shown in Table 6.1. They
indicate that the time required for scattering of one
menoclayer is about several hundred seconds for this specific
voltage and metal. (Note that this wvalue should be compared
with the intrinsic thermal diffusion of the surface which is
expected to be in general far faster.) The time for profile
imaging position 6"=0 is longer than that for other positions,
indicating that the profile imaging technique is less
influenced by knock-on damage.

In general, T, is inversely proportional to the square of
atomic number Z, i.e. the heavier the atom, the shorter the
"sitting time" T,. T, is also related to the cohesive enerxgy

E and larger cohesive energies make the critical curve

st

steeper and reduce the diffusible angular range, and therefore

increase T,. The effect of the energy of incident electrons on
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T, is shown in two ways. At higher energies the relativistic
electron velocity v increases, reducing the cross section for
scattering and therefore increasing T, but it also makes the
diffusible angle range 0,-0, wider which reduces T,. To some
extent these two effects offset each other. At low energy (V,
<300kV), the velocity dominates, and the time required for the
diffusion of one monolayer increases with accelerating
voltage. At higher energies the velocity does not increase so
fast (due to relativistic effects) and the diffusible range

effect will dominate.

6.5. Interim discussion

The results indicate that ballistic surface diffusion is
strongly dependent upon the properties of materials. There
exists a threshold voltage for ballistic surface diffusion
which for Au is about 135kV. One problem was encountered when
the attempt was made to reconcile these results with some
experimental data on the surface sputtering threshold for gold
obtained by Cherns et al. [12]. The authors obtained a value
of 459kV. At this voltage the maximum energy transferred to
an atom is 7.22eV which is approximately twice as large as the
cohesive energy. There are three possible reasons for this

discrepancy. First, there may have been a contamination layer
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in the experiments, so that the "sputtering threshold" might
in fact represent the threshold to sputter gold through a 204
carbon contamination layer. Alternatively, 459kV may represent
the threshold due to a more complicated multi-atom sputtering
process, rather than the threshold of simple sputtering. It
seems quite likely that there may be more complicated damaging
pProcesses at higher voltages, both for sputtering and for
athermal diffusion. A final possibility hinges on the fact
that for most metals a better approximation for the pairwise
potential is an oscillating pseudopotential; in this case the
(classical) threshold energy will be the energy difference
between the minimum and the first maximum of the
pseudopotential, which could exceed the binding energy. It
would clearly be of interest to see the results of careful
electron microscope imaging work at different temperatures.

One feature of the results to note is that the surface
geometry has a strong effect on ballistic surface diffusion
and the ballistic diffusion for a profile surface appears to
be the wceakest, whereas the prospect is clearly not so good
for plan view imaging, particularly of the exit surface of

specimens where we can expect fairly severe damage.
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Table 6.1

ov 0,~0, M, (ST/atom.sx107) T.(atom.s/ST)

adatom in-surf. adatom in-gurf. adatom in-
surf.
90 0.75-2.35 1.20-1.90 13.88 1.48 72 675
75 1.71-2.58 1.60-2.10 5.55 0.71 180 1401
45 1.82-2.96 2.,07-2.95 4.88 3.04 205 329
0 2.45-3,10 2.7-3.14 4.23 1.26 236 793

Table 6.1. Ballistic surface diffusion data calculated for
different surface geometries for both adatom case and in-
surface case.




E
: T
— 11— 0.5
- L ]
7é © G- Oy,

I O O
lo o o
O O O

O O O

(a)

e..._..._.l.
@)

O

o

o

230

b:.

O
O
@)

b—

@)

O
O

O O
O O
O O

o O

(b)

Fig.6.1. The arrangement of the gold atoms in 2-D lattice for
the dynamical calculation a) in the case of the surface adatom
and b) in the case of the in-surface atom.
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Fig.6.2. The trajectories of an adatom a) when the atom just
surmounts the surface barrier and b) when the adatom is just
reflected by the barrier in the case of fixing other atoms.
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Fig.6.3. The curves of the critical energy for the surface
atom surmounting the surface potential barrier as the function
of ejection angle of the excited atom a) in the case of adatom
on the surface and b) in the case of the in-surface atom.
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Fig.6.4. The trajectories of an adatom in the case that one
neighboring atom is movable, a) when the adatom is just

reflected by the .surface barrier and b) when: the adatom just
surmounts the surface barrier.
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Fig.€.5. The scattering geometry between the incident high
energy electron and the surface atom.
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Fig.6.6 (a)
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Fig.6.6. The curves of the minimum incident energy required
for diffusing a) an adatom and b) an in-surface atom as the

function of the ejection angla of the atom for the different
angles baetween the surface and the incident momentum.
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Fig.6.7. The illustration of determining the diffusible angle
range 91_92 .




Chapter VII. Conclusion

High energy electron reflection (HEER) is an important
field in surface science and consists of three major branches;
RHEED, RHEEM and RHEEL (or EEL). All of them, specially RHEED
and RHEEL have experienced development over many decades both
experimentally and theoretically. Regardless of stagnation in
the theoretical development in this field, the value of these
techniques has been confirmed in surface science. However,
further exploitation relies on further developments in theory.

A major obstacle to the theoretical development of high
energy electron reflection~-the confusion around the wave
points in the "band gap" and the nature of evanescent waves
in the Bragg case has been removed by introducing the cﬁncept
of current flow and a new boundary condition. This, I believe,
will make the Bloch wave method again play an important role
for the understanding of the physics of electron reflection
as it does for electron transmission. However, the limits of
the method-~low computation speed and lack of flexibility for
the simulations of various surface phenomena will not wvanish
because of its sAlid physical foundation and wvarious
alternative approaches still need to be developed.

The bridge between the Bloch wave method and multislice
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creates a new computation method called "the BMCR method"
(Bloch wave + Multislice Combined for Reflection), but also
implicitly indicated the possibility of establishing bridges
between various alternative computation methods in electron
reflection and making the advantages of different methods work
together. From a theoretical viewpoint, it is important that
consistency and the conditions for consistency between
different methods can provide a mutual proof of each one and
a combination of them. Apparently, the Bloch wave method can
play the role of a '"calibration standard” for various
alternatives, although it may not very conveniently employed
for reconstructed or reléted surfaces.

A major obstacle to the multislice calculation in the
Bragg case, "edge effects", has been removed and an infinitely
convergent solution for an arbitrary surface for HEER has been
obtained by the edge patching method (the EPMO method).

However, the newly developed Bloch wave approach in the
Bragg case, the BMCR method and the edge patching method (the
EPMO method) should only be considered as the means to get
closer to the true solution rather than the solution itself.
From my point of view, two very fundamental and basic problems
in high energy electron reflection remained unanswered, or

incompletely answered, and merit further study:
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i) the source of two dimensional diffraction patterns observed
in RHEED.
ii) the true source of "electron surface resonance". At
present, the term "electron surface resonance" still means
more as an experimental fact rather than as a physical
concept., These two problems may be the keys to the door of
informative HEER.

More generally, further studies in this field can be
carried out along the following suggested directions;
i) Pursuing deeper understanding of the physics of high energy
electron reflection; the nature of the Bloch waves in the
Bragg case, the mechanism of current flow and the effects of
surface potential etc. using the newly developed Bloch wave
method in the Bragg case and exploring the application of the
method to experimental analyses. ‘
ii) Pursuing more applications of the BMCR method to
experiments.
iii) Examining the consistency between various alternative
computation methods in this field to wverify their wvalid
conditions and find possibility of combining them together.
iv) Studying the effects of inelastic scattering on electron
diffraction in the Bragg case and the theory of inelastic

electron diffraction in the Bragg case.
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v} Studying the way of incorporating the theory of electron
diffraction in the Bragg case with the theory of electron
spectroscopy.

Without doubt, any progress made in these directions can

significantly improve the understanding of HEER.
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APPENDIX

Appendix 2.1

If the current flow S is conserved along MN (Fig.2.2),

we hava:
lim"‘ 8dS=-A’s,(c*,E)+AS, (", E)
t—0
=A'[S. (" E)~-S, (r",E)]
=0 (R2.1.1)
Then,
S, (x",E)=S,(x", E) (A2.1.2)

Therefore, for p,, we have:

limI R dS=A"[p. (£) -p. (") ]

£ —oo co oo
=A*[I ES,(x,E) dE-I ES, (x*, E)dE]
0 0
=A*} E[S,(x,E)-S,(x",E)]dE
0
=a*[ E.0dE=0 | (32.1.3)
"0
Then,
pL(x7)=p, (") (A2.1.4)

Conversely, if p is conserved along MN, i.e. p,(x’)=p. (L"),

we have:
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o0

IE[SL(E-IE’-SL‘£+IE)]dE =0 (p2.1.5)
0

The continuity of S, with respect to E leads to (A2.1.2).
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Appendix 2.2

In the real world, all the waves are in the form of wave
packets since the momentum of a real system always has a
continuous distribution. In particular, a wave packet in one
dimension can be formed by superposition of plane waves:

oo

\{!(x,t)=-" £ (k) exp[i2% (kx-E (k) t/h) ] dk (A2.2.1)

- OO

where k=k“+ik' and we assure that the momentum of a plane wave:
is only distributed along the real axis and the plane wave has
the same rate of decay for the simplicity. Therefore, we

have:
[~ 2 ]

Wx, t)=exp[i27tk‘x]J.f(k’) exp[i2n(k*x-E(k)t/h]ldk™ (A2.2.2)

£f(k") is considered as a smooth and well behaved function
concentrated in the region Ak® around k*=k . Expanding E (k)
around k*=k, on the real axis of k, we have:
E (k)=E (kS +ik') + (k"-k,7) dE (k"+ik') /dk"  +...... (A2.2.3)
Substituting (A2.2.3) into (A2.2.2), we get:
W(x,t)=exp{i2n(k,"x-E (k “+ik')t/h) Jexp[-2nk'x] x
k, +Ak"

J. dk*f (k™) exp [i2n(k™~k,) (x-dE (k,7) /dk . t) ]
k,"—Ak*®
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=axp{i2nk x-E (k) t/h] exp[-2nk'x] F (x—dBE (k) /dk*.t) (22.2.4)
F is an envelope function, the Fourier transform of £. The

phase velocity of the monochromatic wave is:

v°=E (k,”) /bk*® (A2.2.5)

. The group velocity is:

v,=dE (k,7) /d (hk) (A2.2.6)
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Appendix 2.3

The current flow of a matter wave is:
s¥=(n/im) [y (2) V¢ () -y () VY ()] (A2.3.1)

The wave in the form of the Bloch wave can be expressed by

v (z)=X.c expli2n(k'+g) . x] (a2.3.2)
and
Y (2) =X C, " exp [-i2n (k¥ +g) . ] (A2.3.3)
Then,
Vy (z)=Ei2n(kY+g) C Pexp[i2n (k' +g) . x] (A2.3.4)

Yy (2) =X, (-i2m) (kV"+q) C;exp[-i2n(k?"+g) .2]  (A2.3.5)
From (A2.3.3) and (A2.3.4), we obtain:
¥ (z) Yy (z) =5, Ti2n (kP +g) C,C; Vexpi2n (kY -k +g-g’ ) . ]
(a2.3.6)
From (A2.3.1) and (A2.3.5), we get:
Y () V" (2) =2, 3p-i2m (k' +q) G,V "C, Pexp[i2m (k¥ -k""+g’ ~g) . x]
(A2.3.7)
Therefora,
S(zx)=(h/2im) (X +3,2.") (a2.3.8)
where
S -expl-i2mk'® . 1 Tgi2n[ (kW +q) + (kW +g) 11, )2

and X3 ' is the crossing term. We have:
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-'.Zi.zs.d_s_:O (A2.3.9)
Q

The superscripts r and i denote the real and imaginary
parts of k vector respectively. Q is the area of a unit cell.
Finally, we have:

S=(2nh/m) exp [-27k* P . £] F, |1 C, |* (k" +q) (A2.3.10)
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Appendix 2.4

The continuity equation of probability is given by the
following:
dP (x,t) /dt+V.8=-2V.(x)P(x, t) (p2.4.1)
Since Yy is a stationary solution, we have:
dP/dt=d (yy") /dt=0 (A2.4.2)
Then,
V.8=-2v,/h (yy") (A2.4.3)
Substituting (A2.3.2), (A2.3.3) and (A2.3.9) into (A2.4.3),
we obtain:
V.8=(~-4m'h/m) exp [-21k* P . £] [T,1C,P |7 (k" +g) . (k') ]
=-27Sk* (A2.4.4)
and
yy'=31C, " |*exp [-4nk' P . £] +
exp[-4mk' " ] ¥, 5.C M C, Wexp[i2n(g-g’) .x]  (A2.4.5)
-218. k' == (2V: (2) /B) [Z1C;* "exp[-4mk'? . £]+3,5,]1  (A2.4.6)

After integrating over a unit cell, we obtain:

—2ng Kt = (2/h)J' exp[-4mK* 2]V, (z) dr (A2.4.7)
v

where 8 is the average value of S over one unit cell and it
has the same orientation as S does. Since the right hand side
of (A2.4.7) is necessarily positive, we have:

S.kx' >0 (A2.4.8)
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Appendix 3.1

The phase term of the propagation function p(b’-b,, z’-
z,)p(b-b’,z-z’) can be expressed as:
O(x, z’,z)=kf(zx,z’ , 2)=k(Ix’ -t |+lzx-z’ |) (A3.1.1)

The constant phase hypersurface £(r,r’,r,)=d is a prolate
spheroid S, with its major axis r,r (Fig.3.2). The foci of §,
are r, and r. The intersection of S, with plane z=z’ is a
ellipse S,. In other words the constant phase curves on plane
z=z’, B(b’')=const. are a series of ellipses with center r_, and
foci on r, and r,. According to the principle that the shortest
distance between two points is the straight line connecting
the two points, d(x’,y’) has one and the only one extreme at
r, which is the global minimum. That is:
V,d(b’) 1+ om0 =0 (A3.1.2)
The range for the wvalidity of stationary phase
approxixpation can be estimated as follows. For simplicity,
let’s suppose b=b. Then r-r,6 is coincident with the 2z axis.

Then the origin is translated to r, and the equation of S, is

given by:

+ =1 (A3.1.3)
a’*  (d%/4)

where a’’=d’/4-c® and c=(z-z,) /2. r’ is the vector in the plane
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at z=z’. Then,

a2 (x’ )=2[ (£’ *+z’ 4+c?) +V ( (&’ 242’ *+c%) *~4c?’ 27) ] (33.1.3)
Let
d(d*(z’)) 2(x' 4z’ *4c*) x’
= 2[2r'+ ]
dr’ V(' 32z’ *4c?) -4tz 2

2 (x'*+z" *+c?) .
= 4{1 + lr’'=0
qj(rl 2+z:z+cz) 2_pe?pr?

Then r’=0. Therefore,

d*(0)=2[z’ *+c*+c?-z/*]=4c® (|z’|<e)

or
d(0)=2¢c
Thus we have:
d(d(r’)) 2 2(r’'*+z’%+c?)
= [1 + 1z’ (33.1.5)
dr’ d(z’) Y(r’ 2 +z" *+c?) *-4c3z" 2

Then the derivative of d versus r’ at the area close to r’=0
is

approximately given by:

d(d(r’)) 1 2(c*+z"?)
—— . — (14— ) (A3.1.6)
dr’ |r’=0 ¢ [c®=2z" 2|

Since 0<|z’|<c, we have:

d(d(x’)) 3 r’
- 2 T r'=6
de’ [r’=0 c (z-z,

or
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de(x’) z’
- 2 6k
dr’ |r’=0 {(z-z,)

(A3.1.7)

There should be dO(r’)/dz/22x/r’'A*., Substituting these

conditions into (A3.1.7), we have:

ér’
- 21
A(z-z,)
or (z-2z,) 2 6x'*/A (A3.1.8)

(A3.1.8) is quite close to the one given by Ishizuka et
al. [4]:

2xr’
—_— 21 (A3.1.9)
A(z-z,)

If the sampling rate is 10/A, it means that the crystal
potential is considered slow variation on the scale of 0.14,
i.e. r’=0.1A. For 100keV electron, A=0.037A. Then,

z-z, = 1.644A
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Appendix 3.2

The 3-D dependence of the Bloch wave in the Laue case is
well known as far as only the zero-Laue zone is concerned,
however the 2-D dependence of the Bloch wave in the Bragg
case still appears confusion. Here is a simple analytical
proof of it.

Let us refer to Equation (2.3), (2.36)-(2.54) which
actually can be found in text books about electron
diffraction. The key element in (2.3) is:

K® - (k9 + q)? (A3.2.1)
(A3.2.1) can be expanded as the following, if the z axis is
chosen as inward normal to the crystal surface:
K* = (k + g)* = (k, + g)* - (&, + g,)* (A3.2.2)
For the Bragg case, in the coordination used in the thesig,
the zero-Laue—zone-only> means g=0. If we consider the
boundary condition (2.50), then both k, and g, can be cancelled
in (A3.2.2). Consequently, the eigenvectors {(C/'¥} as the
solutions of dispersion Equation (2.5) are independent of both
k, and g,. Therefore, the coefficients of the Bragg reflected
waves in vacuum {&ﬂ and the coefficients of the Bloch waves
in crystal {g”’} as the solutions of Equation (2.51-52) and

(2.53-54) are also independent of both k, and g,. So the plane
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wave phase factor expl[i2n(k, + g,).y] undoubtedly can be
factored out of the summation symbol X in both Equation (2.2)
and (2.3). In other words, it will not affect the intensity
of the wave field and the intensity of the wave field is
independent of y, i.e. the thickness along the direction of
incident beam. All these arguments are also wvalid for
reflected waves in vacuum.

However, this is not true for the Laue case. For the Laue
case, the =zero-Laue-zone-only means g,=0. Then none of the
three coordinates in (A3.2.2) can be eliminated by the
boundary conditions in Equation (2.51-52). Therefore, the
Bloch wave in the Laue case is 3-D dependent, while the Bloch
wave in the Bragg case is 2-D dependent, as far as only the

zero Laue zone i3 concerned.
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