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This paper reports the application of a modified form of the Wulff construction to derive theoretical shapes and total surface
energies for twinned particles. It is proposed that the incorporation of twin boundaries in faceted particles leads to a number of
constrained local minimum in the total surface energy (at constant volume), in addition to the minimum of a single crystal Wulff
polyhedron. A procedure for generating these constrained local minima is described. The model is then applied to determine the
structures of twinned particles in face-centred materials. Two possible configurations are examined, an arrangement where the crystals
are symmetric about the twin boundaries, and an asymmetric configuration. Shapes and total surface energies for a large number of
twinned structures are given using a simple model which includes only (111) and (100) surface facets. Excellent agreement is obtained

between the theoretical model and experimental results.

1. Introduction

A detailed understanding of the morphologies
of small particles is an important problem in a
number of fields. The thermodynamic processes
for single crystals are well understood through the
Wulff construction [1], but the more general prob-
lem of polycrystals or twinned particles is not. In a
recent paper [2], a model was proposed based
upon a modified form of the Wulff construction
and successfully applied to the surface morphol-
ogy of multiply twinned particles or MTPs. (The
basic sources for structural details on MTPs are
the original papers by Ino [3], and Ino and Ogawa
[4]). In particular, the model accounted for the
experimental observation of re-entrant surfaces at
the twin boundaries of annealed decahedral MTPs.
These re-entrant surfaces are not due to any twin
boundary grooving effect, but instead are thermo-
dynamic features which significantly lower the total
surface energy of the particles leading to an ap-
proximately spherical shape.

In this paper a modified form of the Wulff
construction is applied to the general problem of
the surface morphologies of twinned particles. It is
proposed that in faceted particles a qualitative
breakdown of the liquid-like model for small par-

ticles [5-7] occurs, and local constrained minima
arise from the restricting effect of the twin
boundaries. Excellent agreement is obtained with
experimental evidence for twins in small
face-centred cubic particles.

2. The modified Wulff construction

The problem which is dealt with in this section
is a minimisation at constant volume of the total
surface and twin boundary energy in a particle. A
condition for a possible local constrained mini-
mum of these energy terms is described. The basis
for this analysis is the Wulff construction [1],
which is used here to substantially reduce the
number of variables in the problem. Given a form
for the surface free energy v5(8,¢) as a function of
the normal direction in spherical polar coordi-
nates, 8,4, the construction takes the form: (1)
construct the surface r= v (8,¢)7, (2) draw the
planes normal to this surface at all points, and (3)
take the inner envelope of these planes.

The construction is illustrated in two di-
mensions in fig. 1. Proofs of the construction have
been presented by Laue [8] and Dinghas [9].

In order to employ this construction to de-
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Fig. 1. An example of a two-dimensional Wulff construction
for an fcc material on a (110) plane. The form of y5(8,¢) used
would lead to a strong faceting model.

termine the equilibrium morphologies of twinned
particles, consider first the simple structure of a
particle with only one twin boundary; the argu-
ments that apply to this structure can be readily
extended to more complicated twinned particles.
We begin by partitioning the energy per unit area
of the twin boundary (¥,) into two parts, associat-
ing ay, with single crystal element A and (1 — a)y,
with element B (where a is for the moment arbi-
trary). We now cut the particle down the twin
boundary and nominally separate the two compo-
nents A and B. This operation allows us to con-
sider the twin faces on A and B as external surface
facets or “twin facets” of energy per unit area ay,
and (1 — a)y, respectively. We can now solve for
the minimum surface energy configuration of A
and B taken independently by using a Wulff con-
struction in which the twin boundary facets are
represented by extra point values of ay, or (1 — a)y,
in the original y4(#,¢) surface energy function.
Any local minimum of the complete particle must
also be a local minimum for the two sections A
and B taken independently. Hence by partitioning
the particle as described above we have reduced
the number of variables in the problem to « and
the relative volumes of A and B, the problem is
already minimised as far as the arrangement of the

external surface facets is concerned.

The two components A and B must now be
joined together to complete the particle and the
minimisation problem. This introduces an im-
portant constraint — the two twin facets must be
identical. The strength and the nature of this con-
straint is critically dependent upon the form of
vs(8,9). For example, the constraint has no appre-
ciable effect for the two simplest and most con-
venient models of vs(8,¢), a liquid-like model
[5-7] where the Wulff polyhedron is a sphere, or
any two-dimensional representation. For both of
these, with a given value of the partition a the twin
facets can be matched with an appropriate value
of the relative volumes. Here the constraint re-
duces the number of free variables to just one, the
partition « which can take a continuous range of
values. The effect of variations using this re-
maining degree of freedom must now be con-
sidered. Since the twin boundary contributes a
detrimental term to the total energy of the particle,
it will preferentially migrate out of the particle.
(This corresponds to letting « tend towards plus or
minus infinity.) Here the only minima are when
either A or B vanishes.

In contrast, for an arbitrary form of y¢(8,¢) or
one with only the limited symmetry of the crystal
point group, the constraint has a totally different
effect. For an arbitrary value of « it is impossible
to match the twin facets, however we vary the

(100)

L

(1) 2

Fig. 2. The shape of a single crystal in a Strong Faceting model,
with B=1-v,50/V3 7).
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Table 1
Particle e <.
B=1/3, B=5/12,
n=0005 7 =0.005
Single crystal 108v3 (1-38%) 5.499 5271
LTP with m twin 1083 (1-38° + Inm[5+2n(1— )} m=1 5.500 5272
boundaries m=2 5.500 5.273
m=3 5501 5.274
m=4 5502 5.275
Decahedral MTP B+ 7)Y = 4B+ )] 5.436 5.243
Icosahedral MTP TV3((143)° —249°) 4.899 4.899
Bi-icosahedral MTP ¢33l )(1+ 117) 5.051 5.051
Asymmetric twin 108Y3 (1 -38° + 1 Sa[1 87 +(1—28)2-38)] - 5.272
Asymmetric 108Y/3¢1 =38 + L (\ = B*)— (1= B)3B — )2 + 9[5S+ B(1 + B - 5.256
decahedral
MTP

Formulae and numerical values for the particles considered herein. For simplicity, ¢, values for the bi-icosahedral MTP and the
asymmetric Dh have been evaluated by a perturbation technique [2], where v, is set to zero and the twin boundary contribution is
derived from the appropriate boundary area. (This is accurate to first order.) The notation used is 8 =1— ymo/\[jy”], n=v/2Ym
and S = (1+ n%/48%)1/2 — 5 /2B, where v,,1, Y100 and v, are the energies per unit area of, respectively, (111), (100) faces and a twin
boundary. The asymmetic twins are valid for 1/3 < B <1/2, all others for 0 <8 <1/2.

relative volumes. This is because there is only a
limited symmetry to the Wulff polyhedron, e.g. the
shape for an fcc material with only (111) and (100)
facets (hereafter referred to as a Strong Faceting
model) * as shown in fig. 2. The constraint can
only be satisfied for a small number of discrete
values of a and the relative volumes of A and B,
and not for a continuous range of values. (In
practice, the only way to verify this for the twin
plane of interest is to construct the appropriate
twin facets and then check, by trial and error,
whether discrete values only or a continuous range
exists. Exceptional cases will arise when a continu-
ous range is possible, but as a general rule, only
discrete values will be possible.) There is a mini-
mum for an untwinned single crystal, i.e. when
either A or B vanishes, and there may also be
constrained local minima for any or all the other

* The parameter B =1—v100//3y,, will be employed
throughout this paper to describe the significance of the
(100) facet surface energy (v,00) relative to the (111) facet
surface energy (v;,), being used both in the context of a
relative length in the figures and as a dimensionless constant
in the energy calculations (table 1).

discrete values where the constraint is satisfied.
The degree of freedom that was present in both
the liquid-like model and the two-dimensional rep-
resentation (when a was a continuous free varia-
ble) is no longer present. At any of these discrete
points the only way in which the twin boundary
can migrate out of the particle is when the outer
surface also deforms. This can be seen from the
structure of an fcc particle with one twin boundary
which is shown for a Strong Faceting model in
fig. 3. A twin boundary energy (per unit area) is in
general only a few percent of a typical surface
energy for the external faces. Therefore the addi-
tional deformation of the external surface may
require more energy than can be obtained by
reducing the total twin boundary area. Hence the
constraint of the twin boundary which couples
migration of the twin boundary with deformations
of the outer surface may force local minima which
would not otherwise occur.

It is useful to visualise the configuraion at one
of these constrained local minima with a potential
energy surface as shown in fig. 4. The local mini-
mum is situated in a valley with very steep sides,
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Fig. 3. The shape of a single crystal with one twin boundary
drawn for a partition a =1/2 and the same volume in the two
segments. The (100) faces are shaded.

these sides representing deformations of the outer
surface. There is a gentle slope along the floor of
the valley which represents migration of the twin
boundary. With a liquid model or a two-dimen-
sional representation the constraint is weak and
the twin boundary can migrate along the valley
floor. In contrast, in a Strong Faceting model the
constraint couples motion of the twin boundary
and the external surface by restricting the possible
paths the particle can move on (as illustrated in
fig. 4). This requires the particle to climb up the
steep sides of the valleys when the twin boundary
migrates, which can be an uphill route. To what
extent this is uphill will depend in a complicated
fashion upon the exact form of v5(8,¢).

The analysis described above can be extended
to deal with an paricle containing an arbitrary
number of twin boundaries. As before, we divide
up the twin boundaries and minimise the separate
single crystal components individually using a
Wulff construction into which we introduce twin
facets. In general there will be only a limited
number of discrete values for partitions of the twin
boundaries and the relative volumes of the differ-
ent single crystal elements for which the various
segments will fit together. Each of thse configura-
tions is a possible constrained local minimum.

We therefore propose the following model for

Relative
volumes

Fig. 4. Diagram to illustrate the potential energy surface for a
twinned particle. Energy contours corresponding to non-equi-
librium values of the relative volumes and the parameter « are
shown, all the other variables (i.e. the external surfaces) being
minimised. The particle would like to descend down the valley
floors O X or OY, but is prescribed by the geometry of the twin
to move along OZX, which would involve climbing the valley
sides. Here X and Y describe the positions of single crystals,
and O one of the constrained minima (a modified Wulff
construction).

possible constrained local minima in the energy of
twinned particles:

(1) Construct a Wulff polyhedron as per the
standard Wulff construction.

(2) Extract the appropriate area by including the
twin boundaries in the equivalent form of external
twin facets of energy per unit area ay, and (1 —
a)Y,.

(3) Find any discrete values of a and the relative
volumes for which the twin facets can be matched.
If there is a continuous range of values, no con-
strained minima exist.

This solution for possible local minima will be
termed a modified Wulff construction. There will
always be one possible solution, a symmetric
arrangement where a =3 and the volumes are
equal. An example of this symmetric construction
for a decahedral MTP is shown in fig. 5. This is
true for any crystallography and is forced by the
reflection symmetry of a twin boundary. This solu-
tion has been previously employed for multiply
twinned particles [2] where an equal partition was
invoked from the known symmetry of the par-
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Fig. 5. A symmetric, modified Wulff construction for a de-
cahedral MTP. In this case we extract the region between two
twin facets on inclined (111) planes (shaded) from the single
crystal Wulff polyhedron.

ticles. The results for MTPs strongly reinforce the
hypothesis of a constrained local minimum: for
many forms of the surface faceting direct numeri-
cal evaluation shows that MTPs have lower surface
energies than single crystals of the same volume,
and are therefore not just constrained local minima
but full unconstrained local or even global minima.
For the particular case of a fcc material and a
Strong Faceting model there is a second solution
where the partition is asymmetrical, as described
below. Both the symmetric and asymmetric solu-
tions are in good agreement with experimental
particle structures.

3. Applications of the symmetric twin to fcc materi-
als

3.1. Lamellar twinned particles

The simplest particles where the model can be
used have a number of parallel twin boundaries,
and are called lamellar-twinned particles or LTPs.
When produced in argon smokes [10], LTPs are
characterised by:

(1) closely packed twin boundaries near the mid-
dle of the particles;

(2) particles with an odd number of boundaries
resembling two halves of a single crystal reflected

about the central, twinned region;
(3) particles with an even number of boundaries
resembling single crystals.

All LTPs can be constructed from two building
blocks, a single crystal with one twin facet and a
crystal with two twin facets. The components are
shown in fig. 6 for a Strong Faceting model. To
generate LTPs we sandwich a number of the plates
with two twin facets between a pair of the larger
components which have one twin facet, suitably
reflecting these elements at the twin boundaries.
The structure of the first two members, a particle
with one twin boundary and a particle with two
are shown in figs. 3 and 7 respectively. As v, is
small compared to a surface energy, the twin
boundaries are closely spaced near the centre of
the particles and the twin faces are appproxi-
mately hexagons. All the generalisations quoted

Fig. 6. The components for generating LTPs: (a) a segment
with one twin facet and (b) the thin plate with two twin facets.
The magnitude of y, has been exaggerated for clarity. The (100)
facets are shaded.
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Fig. 7. The structure of an LTP with two twin boundaries. The
central plate region will tend towards a stacking fault in a small
particle. The (100) facets are shaded.

above are reproduced by the model.

One particular feature of LTPs should be noted:
the presence of three large re-entrant surfaces or
notches on the particles with an odd number of
twin boundaries. These features are not due to any
form of twin boundary grooving. (Twin boundary
effects are present in the particles, but are so small
as to be practically undetectable. They can be
removed by setting the twin boundary energy equal
to zero, which causes structural modifications of
the order of v,/2v45(8,¢), i.e. 1 or 2% at most.)
These notches arise simply from the reflection
symmetry of the twin boundaries.

Similar structures (primarily particles with only
one twin boundary) have also been observed in
annealed gold particles on an amorphous carbon
film [11], platinum model catalysts [12], silver
model catalysts [13] and evaporated gold and silver
particles [14]. The dominance of the mono-twin is
probably because in very small particles the equi-
librium intertwin separation predicted by the con-
struction will be only a few atomic layers. It will
then be energetically favourable for pairs of twin
boundaries to collapse to a stacking fault and be
eliminated by the passage of a partial dislocation.

The surface energy contribution to the free
energy of a Wulff construction can be conven-
iently represented by a dimensionless parameter €
given by

Ysz/3

w [}

so that
— 2/3
Gsurface—€wYIIlV 4 s

where v,;, is the surface energy per unit area of a
(111) face and V is the particle volume. Values for
€, for LTPs and the other structures considered
herein are given in table 1 (for a Stong Faceting
model).

3.2. Multiply-twinned particles

The use of the model for multiply-twinned par-
ticles (MTPs) has been dealt with in detail
elsewhere [2]. They are included here to stress their
relationship to the other twinned structures — in
MTPs the twin boundaries are not parallel but
occur in inclined (111) planes. Five single crystal
units, with two boundaries each, assemble to a
decahedral MTP of Dh, whilst an icosahedral MTP

b

Fig. 8. The structure of MTPs in a strong faceting model: (a)a
Dh (front surface only) drawn for 8 =1/3 and (b) an Ic which
is here an icosahedron. Very small additional facets from twin
boundary grooving [2] are present, but have disappeared in the
drafting. As before, the (100) facets are shaded.
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has 20 units with three twin boundaries each. As
such, neither MTP is completely space filling and
it is necessary to incorporate a small internal dis-
tortion in the form of either an inhomogeneous
strain or dislocations. (A more detailed analysis of
this internal deformation will be given elsewhere
[15].) The structures of the two particles are shown
for reference in fig. 8. As for the LTPs described
above, the symmetric partition is a configuration
where the units fit together (and, for the same
geometric reason, there are re-entrant surfaces at
the twin boundaries of the Dhs). Explicit evalua-
tion (ref. [2] and table 1) shows that for many
forms of y4(8,¢) the symmetric partition for MTPs
is a true minimum with a smaller total surface
energy than a single crystal. (However, the surface
energy alone does not determine whether MTPs or
single crystals are the preferred form for any
volume. There is an additional, detrimental elastic
strain energy in MTPs from the internal distortion
mentioned above. A more detailed analysis of
these elastic terms and the energy balance between
MTPs and single crystals will be given elsewhere

(15])
3.3. Polyparticles

In the early stages of particulate growth, forms
occur which resemble polycrystals, except that in-
stead of being built from single crystals, whole
particles such as LTPs or MTPs are involved [14].
One of the more common of these “polyparticles”
1s the bi-icosahedral MTP which is composed of
two Ics sharing five tetrahedral units. To analyse
this particle, consider 35 segments with 3 twin
facets each and 5 with 4 twin facets. Due to the
constraint action of the twin boundaries, the size
of the segments with four twin facets is completely
prescribed by the neighbouring segments. Assum-
ing next a strong faceting model for v4(6,¢), the
shape of the remaining segments is a tetrahedron
with three vanishingly small extra facets from the
twin boundary grooving effect [2]. Ignoring the
very small facets for clarity (as this has no appre-
ciable effect upon the structure), the shape for the
assembled structure is shown in fig. 9. This is in
excellent agreement with the structure reported by
Smith and Marks {14]. However, many polypar-

Fig. 9. The shape of a bi-icosahedral MTP. The five shaded
segments are shared.

ticles cannot be fitted with a symmetric partition,
for example, a decahedral-icosahedral MTP where
two tetrehedral segments are shared. It may be
that a more complicated asymmetric partition is
involved, or alternatively the particles may be
frozen in an intermediary stage of coalescence.
(Partially coalesced particles, e.g. single crystals in
the necking stage of coalescence, were observed in
the same sample [14].) Further work, in particular

Fig. 10. A high resolution lattice image showing a Dh em-
bedded in a two-dimensional polyparticle network. This can be
compared with the lattice images given by Marks and Smith
[19].
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in-situ observations during annealing, would be of
interest.

The polyparticle model can be extended to
rather large numbers of particles when it is equiv-
alent to a polytetrahedral model [16-18]. Pre-
liminary results suggest that a two-dimensional
form of this extended polyparticle model does
occur for room temperature growth of gold on
rocksalt. Fig. 10 shows such an area in a film
grown in 5 X 107% Torr of oxygen.

4. Asymmetric twinning for fcc materials

The conditions used in section 2 to describe a
possible local minimum were external facets in
the arrangement of a Wulff construction, a partiti-
tion a and 1 — « of the twin boundary such that
the twin facets matched, and insufficient symme-
try in the structure for the twin boundary to
migrate out. In general the symmetric modified
Wulff construction with « =3 need not be the
only solution for a constrained minimum. With a
Strong Faceting model a second, asymmetric solu-
tion also exists as illustrated in fig. 11. Similar to
the symmetric twinning in LTPs, the twin plane
here has a shape very similar to a hexagon. (The
presence of three, sightly re-entrant surfaces at the
twin boundary should be noted. These features
can be used to identify this form of twinning.)

Fig. 11. The form of an asymmetric twin in an fcc material with
a Strong Faceting model; (100) facets are shaded.

Fig. 12. A high resolution lattice image of an asymmetric twin.
Details of the experimental procedure have been given elsewhere
[14,19].

This structure corresponds to a partition with

a=3-2B+ 5B,

where the smaller segment is contracted by a fac-
tor

S=(1+n2/48%)""" — 4,2

relative to the larger segment to fit at the twin
boundary. This type of particle can only exist if
the edge along which a (100) facet meets a (111)
facet is longer than the edge where two (111)
facets meet. This will occur if the ratio of the
surface energy of a (111) facet to that of a (100)
facet is greater than V3 /2. (For a broken bond
model the ratio is exactly V3 /2.) Despite the
oversimplifications of the zero faceting model, this
second, asymmetric solution frequently occurs in
fcc materials. A typical example is shown in fig.
12. Similar structures have also been observed in
annealed gold particles on an amorphous carbon
support [11].

The asymmetric cut can also be applied to
particles with intersecting twin boundaries such as
MTPs. For example, in a Dh a second form can be
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b

Fig. 13. The structure of an asymmetric Dh. In (a) the full
three-dimensional shape is shown with the (100) facets shaded,
whilst (b) is a (110) section which can be compared with the
particle in fig. 15.

constructed with a strong faceting model where
the five segments meet well away from the centre
of the particle, as shown in fig. 13. This structure
can be derived from the particle with one twin
boundary shown previously in fig. 3. Two asym-
metric twins are placed to one side of fig. 3, as
illustrated in fig. 14. The fifth, smallest segments
fits in between the two, having an asymmetric twin
relationship to both of the thin segments. A small
angular gap remains (as in the symmetric Dhs)
which will be filled by inhomogeneous strain or a
grain boundary. This configuration occurs in prac-

Fig. 14. Diagram to illustrate the generation of an asymmetric
Dh from a particle with one twin boundary. The location of the
asymmetric cuts are indicated. The (100) facets are shaded.

tice, as for example in the particle shown in fig. 15.

An important report of an asymmetric Dh was
during in-situ growth of MTPs [22]. The process
observed was the transformation of a particle with

Subsftfrate

10 nm

Fig. 15. A large, asymmetric Dh from a silver catalyst sample
[20]. The specimen was similar to one reported upon elsewhere
[21]. The particle is sitting on an a-alumina substrate in the
region indicated, and there is some extra, twinned material to
one side. The presence of microtwins in the smallest segment
should be noted, which presumably terminate in dislocations
thereby forming a grain boundary.
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one twin boundary to an asymmetric twin and
then to a symmetric Dh. Employing the potential
energy surface formalism for small particles as
described in section 2, deformation of a symmetric
Dh to an asymmetric Dh and then to a particle
with one twin boundary corresponds to motion
along the floor of the valley and migration of the
twin boundaries out of the structure. However,
direct evaluation shows that (with a Strong Facet-
ing model as in table 1) the total surface energy
term will tend to drive the twin boundaries in,
corresponding to the experimental observations.
This agreement between the theoretical predictions
of this paper and the experimental observations, in
particular the observation of an asymmetric Dh as
an intermediary, provides direct evidence for the
existence of local constrained minima for twinned
structures.

5. Discussion

The success of the modified Wulff construction
in modelling the structure of many complicated
twinned particles is encouraging. The hypothesis
that modified Wulff constructions correspond to
constrained local minima appears to be well sub-
stantiated by experimental evidence. Although the
model explains the structures of a large number of
twinned particles, on its own it does not account
for the profusion of particle morphologies com-
monly observed (see, for example, ref. [14]). Many
of the standard shapes, e.g. tetrahedra with (111)
facets, can probably be attributed to kinetic effects
in the early stages of growth.

In principle the model can be used with any
crystallography and need not be restricted to sim-
ple twin boundaries or an fcc material. For exam-
ple, higher order twin boundaries can be deal with
simply by changing the direction and magnitude
of the twin facets. Furthermore, the model is inde-
pendent of the exact form of the Wulff construc-
tion. The precise form of the external surfaces and
the total surface energies will vary with y4(6,¢),
but the general results do not. However, the ex-
istence of the local minima will depend upon the
form of the faceting. As the faceting becomes
more isotropic (e.g. at higher temperatures), the

restraint action of the twin boundaries is lifted and
the minima convert to saddle points. An area of
some interest for small particles is an understand-
ing of the conditions when this “phase change” in
the twinning occurs. Further experimental and
theoretical work, for example investigations of both
the shapes and the relative concentrations of par-
ticle types as a function of temperature, would be
of considerable interest. An improved, mathemati-
cal model for examining the local minima would
also be invaluable. However, the problem is decep-
tively simple. It is possible to show that the sym-
metric modified Wulff construction satisfies the
conditions for a stationary point using the ap-
proach of Laue [8], but obtaining the sign of the
second derivative is intractable. It is possible that
a numerical evaluation would be easier than an
analytic approach. At present the proof of the
construction is the agreement achieved with ex-
perimental structures.
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