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Abstract
Nanoparticles can be beautiful, as in stained glass windows, or they can be ugly as in wear and corrosion debris from implants.
Methods for synthesizing nanoparticles have exploded over the last decade, but our understanding of how and why they take their
forms has not progressed as fast. This article looks at models and themes which are largely independent of the exact synthetic method
whether it is deposition, gas-phase condensation, solution based or hydrothermal synthesis. Elements are old dating back to the
beginning of the 20th century – some of the pioneering models developed then are still relevant today. Others are newer, a merging of
older concepts such as kinetic-Wulff constructions with methods to understand minimum energy shapes for particles with twins.
Overall the broad framework of understanding and predicting the structure of nanoparticles via diverse Wulff constructions, either
thermodynamic, local minima or kinetic has been exceedingly successful.
Key Points

• Outlines the main thermodynamics for describing the bulk and surface energies of nanoparticles

• Describes thermodynamic Wulff constructions for both supported and unsupported nanoparticles

• Describes kinetic Wulff constructions

• Discuss thermodynamic energy balance of twinned particles versus size

• Provides some general comments about how growth populations will evolve
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Introduction

Small is Beautiful

The stained-glass windows in medieval churches whose color is due to nanoparticles have awed worshippers for centuries.
Small is Ugly

Nanoparticulate debris from wear and corrosion of dental and orthopedic implants can lead to severe illness and pain, a major
health issue.

Nanoparticles are everywhere. They play a critical role in modern society in areas from heterogeneous catalysis to produce
chemicals, to enhancing the mechanical properties of advanced metals used in the aerospace industry. Sometimes their size, shape
and structure are exceedingly well controlled, sometimes it is the luck of the draw. They will continue to play a critical role into the
future, and there are large efforts around the world to exploit them for numerous applications from controlled drug delivery in
nanomedicine to controlling light using nanoplasmonics.

Given the size of the existing literature a complete overview within a short article is not possible, rather the intent is to overview
methods to predict nanoparticle shape by understanding the thermodynamic and kinetic driving forces independent of whether they are
produced by evaporation onto substrates, gas-phase condensation, solution synthesis or hydrothermal methods. Some other reviews
discussing different aspects can be found in references (Marks, 1994; Hofmeister, 1998; Gryaznov et al., 1999; Winn and Doherty, 2000;
Yacaman et al., 2001; Astruc et al., 2005; Baletto and Ferrando, 2005; Rosi and Mirkin, 2005; Hu et al., 2006; Jun et al., 2006; Fan et al.,
2007; Anker et al., 2008; Grzelczak et al., 2008; Hofmeister, 2009; Millstone et al., 2009; Xia et al., 2009; Mayoral et al., 2010; Cao et al.,
2011; Henry et al., 2011; Prabhu and Poulose, 2012; Li et al., 2014b; Thanh et al., 2014; Ringe, 2014; Alex and Tiwari, 2015; Haider and
Kang, 2015; Rabenau, 1985; Adschiri et al., 2000; Goh et al., 2002; Suchanek and Riman, 2006; Modeshia and Walton, 2010; Zhu and
Hang, 2013; Wales, 2015; Marks and Peng, 2016; Guisbiers, 2019; Elahi et al., 2018; Jeevanandam et al., 2018). It is important to
recognize that the question of thermodynamic versus kinetic control of shapes has been a source of confusion in the literature. For
instance, the seminal paper by Wulff (1901) is routinely cited as the origin of the thermodynamic Wulff construction, but the title is "On
the question of speed of growth and dissolution of crystal surfaces". The paper really deals with growth experiments, i.e., kinetic control of the
shape, although Wulff assumed a direct relationship between the surface energy and growth rate.

In many cases nanoparticles are simple, single crystals with well-defined faces and simple platonic shapes such as octahedra or
cubes. A different class of nanoparticles have more complex shapes and internal structure. The most common of these are in fcc
materials, and contain twins, either parallel in “Lamellar Twinned Particles” (LTPs) or either five or twenty different single crystal
units separated by twin boundaries, the latter being called “Multiply-Twinned Particles” or MTPs. As discussed by Hofmeister
(Hofmeister, 2009; Hofmeister, 2004) there are reports of MTPs in the 19th century, what were called “fivelings” with cyclic twinning,
see Fig. 1 taken from Goldschmidt’s atlas (Goldschmidt, 1913a,b, 1916, 1918a,b, 1920, 1922a,b) and a number of reports in the 50’s
and 60’s of five-fold particles in whiskers (e.g., Evans and Wilman, 1952; Melmed and Hayward, 1959; Ogburn et al., 1964;
Schwoebel, 1966). The first definitive work analyzing in particular the icosahedral particles was performed by Ino and Ogawa (Ino,
1966; Ino and Ogawa, 1967; Ino, 1969) who were able to piece together the two main types of MTPs, the icosahedral (Ic) as well as
the decahedral (Dh) MTPs. I will use herein these abbreviations for these particles which have become common in the literature, and
correlate to the point group symmetries Ic and D5h respectively (Marks, 1980). Almost concurrently the structure of these particles
was confirmed by Allpress and Sanders (1967). In the early work MTPs were described as assemblies of tetrahedral subunits with an
angular gap equivalent to one or more Volterra disclinations (Volterra, 1907) elastically strained by B2% for the Dh and B6% for
the Ic to form space-filling structures. The presence of elastic strain was confirmed at the atomic scale first using lattice imaging
(Komoda, 1968) then later by atomic resolution imaging (Marks and Smith, 1981; Smith and Marks, 1981). For completeness, there
are many more complicated shapes such as what were called “polyparticles” (Smith and Marks, 1981) which are either poly-
icosahedral structures similar to those first analyzed by Hoare and Pal (1972) or due to incomplete coalescence.
Fig. 1 Early drawings of five-fold crystals taken the Goldschmidt’s Atlas, in a) for gold, b) for copper and c) for silver. All three shapes are
different forms of modified Wulff constructions, probably kinetic.



Fig. 2 Shapes discussed in the paper split into ones which can occur from thermodynamic control and ones which are only from kinetic control, split into
the three broad categories of Single Crystals, Lamellar Twinned particles and Multiply Twinned Particles. Every thermodynamic shape can also arise from
kinetics, but the converse is not true. The facets are color coded, yellow for {111}, green for {100} blue for {110} and red for higher index.
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The focus of this article is the fundamentals that control the shape of nanoparticles, with a little more attention paid to the
more complicated case of these multiply twinned particles. A schematic illustrating many of the shapes of interest is given in Fig. 2,
split into cases where thermodynamic control determines the final shape and those where kinetics control. Several shapes appear
on both sides, both single crystals as well as multiply-twinned particles. Every structure that is thermodynamically stable can also
occur under kinetic control, but the converse is not true.

The structure of this article is as follows. First, some aspects of the thermodynamic fundamentals are described, particularly how
one transitions from an atomistic approach to a continuum one. This is followed by a description of the large family of thermo-
dynamic Wulff construction shapes for both supported and unsupported nanoparticles, as well as other variants such as when there is
another degree of freedom in alloys at the nanoscale. I then turn from thermodynamic control to the kinetic Wulff constructions with
the addition of enhancement terms for growth at twin boundaries or effects due to diffusion gradients. I next discuss some of the
extended possibilities of kinetic shapes including why corners should be round and also symmetry breaking. Finally I turn to a brief
discussion of the thermodynamic energy balance of MTPs versus size, pointing out the important ambiguities due to the role of
chemisorbants in changing the surface stress, and provide a brief analysis of how structures of nanoparticle populations may evolve
during growth, either Survival of the Fittest; Survival of the Fastest or Survival of a Population. A longer version of this article was published
previously (Marks and Peng, 2016); this article includes a few more recent publications and newer work.
Thermodynamic Fundamentals

Fundamental to understanding nanoparticles is to consider the energy as a function of size, shape, stress and the external environment.
This is not completely simple, and it is most important is to pay attention to what reference states are used and follow a specific set of
conventions – different references yield wildly different results for some of the key parameters, particularly the surface stress tensor.

In a purely atomistic description, the total energy of an ordered, crystalline nanoparticle can be written as the infinite series:

E¼
X
i;j;k

aijkninjnk þ
X
i;j

bijninj þ
X
i

cini þ dþ
X

i
ei=ni þ

X
ij
fij=ninj… ð1Þ

where the ni are positive integers indicating the number of atoms along particular directions. To converge for an infinitely large
crystal the series cannot contain any terms higher than third-order in ni, and inverse powers may be needed to achieve the proper
limits for a single atom.

Assuming convex shapes for all single crystal regions and replacing Eq. (1) with a vector of normal distances for each face from
a common origin h ¼ ðh1; h2…hkÞ for k facets, with all hi real but not necessarily positive numbers this leads to:

E¼
X
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X

j
Fi=hi… ð2Þ

As illustrated in Fig. 3 each hi is a combination of a geometric distance from the origin to the outermost plane of atoms plus
what is called a “Gibbs distance” outside the surface, the latter is needed to properly transition from atomistic to continuum
models (Cleveland and Landman, 1991; Hamilton, 2006). This decomposition corresponds to a Gibbs equimolar partition for the
surface. For a bulk surface the relevant distance is half that to the first atomic plane removed to create the surface, effectively using a



Fig. 3 Illustration of the equimolar cut for surfaces using the Wigner-Seitz unit cells. There may be a small discrepancy in the total volume as
indicated, but this can generally be neglected.
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Wigner-Seitz unit cell around each atom or basis of atoms in the unit cell. For very large sizes the first term on the right is then
proportional to the volume and the number of atoms. When the size of the cluster is small there is a non-linear relationship
between the hi and the number of atoms along specific directions as discussed by Hamilton (2006). With the equimolar definition
(s ¼ (n-0.5)d) the effective edge energy terms are small and can be safely ignored, whereas with other definitions they are
anomalously large.

The continuum shape is then defined by the set of planes normal to all hi, and all continuum quantities are defined using
the appropriate partial derivatives or integrals taking care to include non-linearity. For instance, the “Gibbs Volume” (VG)
would be the volume within this shape, whereas the “Gibbs Surface Area” (AG) would be the external area, both in
conventional units.

The energy terms O h3ð Þ are the bulk cohesive energy and strain energy terms, those of O h2ð Þ, the total surface free energy and
surface stress terms, those of O hð Þ, edge terms as well as counting corrections, and those of O h0ð Þ, corner as well as additional
counting corrections (e.g., to ensure the correct limit for a single atom). As a general guide the relative importance of the different
terms is:

D surface energy E D strain energy 4D surface stress energy 4 D twin boundary energy E D lattice parameter E D counting
corrections.

Converting to a continuum model with the volume VG (proportional to the number of atoms due to the definition) as the
descriptor, then

X
i;j;k

Aijkhihjhk ¼ VG
mB

v0
þWD

� �
ð3Þ

where mΒ is the bulk chemical potential per atom in the absence of any strain, n0 the volume per atom and WD the strain energy
density. In principle the total strain energy of the nanoparticle can be size dependent. While energy models excluding the strain
energy have been suggested, (Barnard et al., 2009, 2010) these go to a physically incorrect limit at large sizes and are therefore
incorrect. Additional terms can be added for pressure contributions, but these are small and cancel when different structures are
compared. Including the temperature dependence will include entropy contributions, which can be important.

In a similar fashion the second term on the right of Eq. (2) can be written as

X
i;j

Bijhihj ¼ V
2
3 g111eW þogijeij4eg
� � ð4Þ

which contains the surface free energy (g) per unit area as well as that of any twin boundaries in V
2
3g111eW and the coupling of

strains and the surface free energy in V
2
3ogijeij4eg (Marks, 1983a; Howie and Marks, 1984; Marks, 1984) where gij is the surface

stress tensor and eij strains which will be discussed a little later in Eqs. (7) and (8). The constant eW is defined as

eW ¼ 1
g111

� �Z
gdS=V2=3 ð5Þ



Fig. 4 Density functional theory results for the chemical potential (weighted mean curvature) in the limit of small sizes. In (a) the model used
indicating truncations for N ¼ 1, 2, 3 with the corresponding equimolar surfaces and facet length, and (b) the chemical potential as a function of
truncation. The scaling matches very well to the continuum expectation.
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and is a size independent constant which only depends upon the external surface of the nanoparticle and (weakly) upon the twin
boundaries.

To obtain the total energy, the volume and surface terms Eqs. (3) and (4) are substituted into Eq. (2):

E¼ V
mB

v0
þWD

� �
þ V

2
3 g111eW þogijeij4eg
� �þO hð Þ ð6Þ

where the rightmost term includes any residual corrections due to counting effects as well as edge and corner energies, and the
inverse terms in Eqs. (1) and (2) have been ignored. For very small clusters these may be important; otherwise they can be
neglected if the correct equimolar partition is used.

How a full conversion to a continuum formulation where the final volume and area (not the initial Gibbsian values) would be
performed is worth indicating. The Gibbs volume and surface area are proportional to the number of atoms involved in each at
some reference condition, for instance standard temperature and pressure (STP) and no strain. The classical volume and surface
area are referenced to the final state of the nanoparticle, and as such vary with temperature, pressure and strain, and are not
proportional to the number of atoms.

This distinction is important when it comes to how to describe the surface free energy in the presence of strain. Most
liquids cannot be strained, so there is only one energy term of importance, typically called the surface tension. However,
solids can be strained so there are two terms, the free energy per surface unit and the change in the total energy of the surface
with strain. Referencing to the free energy ES of a flat surface per surface atom (NS) or the Gibbsian area AG, then the total
energy, surface free energy g.and the surface stress tensor as gij are:

ES ¼ AGg; g¼ ∂ES=∂AG; gij ¼ ∂g=∂eij: ð7Þ
with the surface free energy proportional to the surface chemical potential per atom, the surface stress the change with respect
to some strain component eij. An alternative approach is to define the energy of the flat surface referenced to its final area A,
where the later changes with the strain, in which case

ES ¼ Ag; g¼ ∂ES=∂A; gij ¼ gδij þ ∂g=∂eij: ð8Þ
since the final area changes with strain, with δij the Kronicker delta function. The two are different, and the sign and
magnitude of the surface stress tensor depends upon the definition use. This second definition is problematic for analyses of
the elastic strain contributions, since this is normally considered in terms of a nominal strain-free volume. The first, atomistic
or Gibbsian definition is more convenient when dealing with nanoparticles since it is also consistent with how the volume
was defined earlier.

The minimum energy shape (discussed further in the next section) is then obtained by minimizing Eq. (6) at constant volume.
If the strain and surface stress terms are ignored this is equivalent to minimizing the dimensionless parameter eW . An alternative is
a Lagrangian approach and minimize

L¼
Z

gdS� l
Z

dV ð9Þ

Setting the variation to zero for any and all facets (or curved regions) leads to an additional term called the “weighted mean
curvature”, the ratio of the change in surface energy (ES) for a given facet (including surface stress contributions) and the change in
volume V (Taylor, 1992):

wmcðhiÞ ¼ lim
δ-0

ΔEsðhi þ δhiÞ=ΔVðhi þ δhiÞ ¼ msðhiÞ=v0 ð10Þ
where msðhiÞ is the chemical potential for facet i as a function of hi and v0 is the atomic volume. The variables in Eq. (10) can be
either Gibbsian or fully classical. Where the weighted mean curvature differs from the surface free energy is that it can be used for



Fig. 5 Illustration of how chemisorption can affect the surface stress. On the left, when chemisorbed molecules are far apart attraction between
them can lead to a compressive stress; on the right when they are too close the surface stress will be tensile. Changes in the surface stress with
coverage will occur for large ligands, as drawn, or for smaller chemisorbed species such as water, oxygen or carbon monoxide.
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shapes which are not flat, for instance rounded corners and edges. For instance, for faceted nanoparticles the weighted mean-
curvature is piecewise continuous and will scale with hi as shown in Fig. 4 as

wmcðhiÞ ¼ g i= Li � hið Þ ð11Þ
where the facet disappears for hi � Li and Eqs. (10) and (11) define a weighted mean surface energy g i. The chemical potential goes
towards infinity as the facet gets smaller, l as verified by density function calculations (Alpay et al., 2015) shown in Fig. 4. This implicit
singularity in the chemical potential for corners has been known for a long time, and is frequently handled in numerical models by adding
a regularization term (e.g., Cahn and Hoffman, 1974; Voorhees et al., 1984; Dicarlo et al., 1992; Golovin et al., 1998; Akaiwa et al., 2001;
Eggleston et al., 2001; Wise et al., 2007; Torabi et al., 2009; Mastroberardino and Spencer, 2010) and references therein. Note that this
indicates that sharp corners are energetically unreasonable, rationalizing the fact that most experimental particles show at least some
rounding (Alpay et al., 2015).

Since many nanoparticles also contain strains with the strain energy density implicitly a functional of the shape, a complete
description includes a term

wðhiÞ ¼ lim
δ-0

ΔWDðhi þ δhiÞ=ΔVðhi þ δhiÞ ¼ mWðhiÞ=v0 ð12Þ

To date there is no evidence that this shape-dependent strain energy contribution to the chemical potential matters for solution
growth, although it is known to be important in epitaxial growth (e.g., Drucker, 1993; Hammar et al., 1996; Ross et al., 1998), and
there are special cases where minima of the strain energy for certain sizes are believed to be important in favoring specific sizes of
precipitates (Hamilton et al., 2007).

The bulk chemical potential will vary with temperature, pressure etc., but when comparing different shapes this cancels out. When
nanoparticles are grown by solution methods exact numbers for the chemical potential are not known, but they have been measured
in a number of cases on different substrates by the group of Campbell (Campbell and Sellers, 2013; Campbell and Mao, 2017;
Hemmingson and Campbell, 2017). There will be a weak dependence of the strain energy upon temperature, but this can almost
certainly be neglected. Both the surface free energy and the surface stress will depend upon temperature, and in particular the
environment. There is now relatively good data on the surface free energy of most metals and they can be calculated fairly accurately
with recent functional via density functional methods,. When the surface is clean surface free energies are of the order of one to few J/
m2, but can be reduced by a factor of 2–3 when other species are adsorbed onto the surface. For most metals the surface stress tensor
is positive, i.e., the surface free energy is lower when the surfaces contract. However, with chemisorption this need not be true and the
sign of the surface stress tensor changes depending upon whether there are attractive or repulsive interactions between molecules on
the surface as illustrated in Fig. 5; that this can occur for small molecules on metals is very well established (e.g., Muller and Saul,
2004; Pimpinelli and Villain, 2010), less well known but also known to exist for larger molecules (Watari et al., 2011).

For other materials such as oxides how the terms vary with chemisorption is much less clear, with relatively few measurements
and only a few calculations, and there may well be rearrangements of the surface atoms to yield reconstructed surfaces. These are well
known for many of the simple metals, and have been observed in a number of cases for nanoparticles (Marks, 1983b; Takeguchi
et al., 2001; Casillas et al., 2012). It is only rather recently that they have also been observed on oxide nanoparticles (Lin et al., 2013,
2014; Zhang and Zheng, 2015; Crosby et al., 2016; Yuan et al., 2016, 2017; Ek et al., 2018; Liu et al., 2020) and example being shown
in Fig. 6, where the exact structure formed depended upon the synthesis conditions. For strontium titanate nanocuboids synthesized
by a hydrothermal route using oleic acid, strong chemisorption of the acid on the surface favored a strontium oxide termination;
synthesis using acetic acid which is highly water soluble, a titanium dioxide double-layer surface forms similar to what occurs for
mesoscale (100) surfaces (Jiang and Zegenhagen, 1999; Castell, 2002a,b; Erdman et al., 2002, 2003; Johnston et al., 2004; Warschkow
et al., 2004; Silly and Castell, 2005; Silly et al., 2006; Newell, 2007; Herger et al., 2007; Kienzle et al., 2011; Zhu et al., 2012; Kienzle
and Marks, 2012; Marshall et al., 2015; Ciston et al., 2015) due to dissolution of strontium from the near surface region.



Fig. 6 Images of the surface of SrTiO3 nanocuboids prepared using different approaches. On the left in (a) and (b) with oleic acid, which leads to
a SrO termination and on the right in (c) and (d) in acetic acid, which leads to a TiO2 double layer. The surface is shown with brown tetrahedra
for TiO6 units, green for TiO5[] and the Sr are gold.

Shape, thermodynamics and kinetics of nanoparticles 7
Minimum Energy Solutions

I next turn to discuss the thermodynamic equilibrium shape of nanoparticles ranging from single crystals to those on supports or
ones with twin boundaries. As will be seen there are common elements to the solutions, for which the general term of Wulff
constructions will be used.
Wulff Construction for Single Crystals

In the absence of any strain terms the minimum energy shape at constant volume is the variational minimum of eW , equivalently,
the total energy at constant volume, which is also equivalent to a constant weighted mean curvature (chemical potential) for all
facets. For a single crystal this is the thermodynamic Wulff construction, the shape (set of points) Sw given by (Cahn and Hoffman,
1974; Hoffman and Cahn, 1972):

SW ¼ x : x:n̂rlg n̂ð Þ for all unit vectors n̂ ð13Þ
This is all the points x within n̂rlg n̂ð Þ , where n̂ is a unit vector defined by the crystallographic orientation of a face (hkl),

g n̂ð Þ is the orientation-dependent surface free energy, and l is a constant that accounts for the volume. An alternative form is
through the envelope planes of the particle, as first proved by von Laue (1943) and Dinghas (1944)

gi ¼ hi=l; ð14Þ
where hi is the normal distance from the center of the particle to a crystallographic facet i as defined earlier and gi is the
orientation-dependent surface free energy of the facet.

One can generate the Wulff shape by plotting the surface energy as a function of angle and then taking the inner envelope of
points, as shown in Fig. 7 for the simplified case when only {111} and {100} facets are relevant. In general nanoparticles are
more complex with small additional regions of higher index facets. An alternative method which has some mathematical
advantages is to use a vector definition instead of the scalar surface free energy (Cahn and Hoffman, 1974; Hoffman and Cahn,
1972). The Wulff shape is relatively easy to determine experimentally from electron microscopes images, and one example for
strontium titanate is shown in Fig. 8 (Crosby et al., 2015) where there is good agreement between experimental results on the
left and the Wulff shape on the right, here constructed using the Wulff Maker software (Zucker et al., 2012); other available
software can also be useful (Boukouvala and Ringe, 2019; Rahm and Erhart, 2020; Boukouvala et al., 2021) particularly for
twinned crystals as described later.
Winterbottom and SummerTop for Supported Nanoparticles

The Wulff construction applies to a free-floating particle in vacuum, a gas or a liquid; changing the environment will change the
surface free energies but nothing else. A second type of shape occurs when the particle is supported on a flat substrate when the
substrate is constrained to remain flat. If the surface free energy of the metal particle is gi, there is an additional free energy term gA
for the adhesion (per nanoparticle atom at the interface) when the exposed surface of the nanoparticle is replaced by an interface,
which leads to an effective interfacial term of gInt ¼ gi þ gA. This is used instead of gi when calculating the total surface energy. The
interfacial free energy term can be either positive or negative depending upon the chemical bonding between the nanoparticle and
the substrate. This will depend upon the chemical species, the misfit between the nanoparticle and the substrate as well as details



Fig. 7 Illustration of the Wulff construction for a fcc material where {111} and {100} surfaces dominate, drawn for a [110] projection on the left
in (a), and the corresponding three-dimensional shape on the rightin (b), with green for {100} and yellow for [111].

Fig. 8 Experimental results for the Wulff shape of annealed strontium titanate nanocuboids based upon both the external shape and that of
internal Kirkendall voids, an image on the left in (a) and the three-dimensional Wulff shape on the right in (b) with {100} green and {110} blue. The
ratio of the surface energies from twenty-nine measurements was g110=g100 ¼ 1:139ð55Þ.
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of the interfacial structure. The equilibrium shape, called the Winterbottom shape (Winterbottom, 1967) includes a facet to
represent this interfacial energy in an otherwise standard Wulff construction. As illustrated in Fig. 9, if gAis greater than zero we
have the equivalent of dewetting; if it is the negative of the surface free energy we have the equivalent of wetting with a full range in
between. This can also be extended for two interfaces which yields the SummerTop construction (Zia et al., 1988) although this is
rare in real physical systems.

Fig. 10 shows experimental images of the Winterbottom case, in (a) and (b) showing how the interface can depend upon the
chemical character of the substrate (Lin et al., 2015) where in (b) the ceria has been slightly reduced due to testing for the water-gas
shift reaction. As a caveat, as shown in Fig. 10(c) for gold on magnesium oxide, the substrate does not have to be flat and in this
case the particle is partially embedded in the support (Ajayan and Marks, 1989a; Marks and Ajayan, 1990). This has been observed
for metal nanoparticles (Ajayan and Marks, 1989a; Marks and Ajayan, 1990; Bernal et al., 1996, 1999, 2003; Fu et al., 2005; Zhang
et al., 2016) and more recently for oxide nanoparticles (Cheng et al., 2019) and plays an important role in what is called “Strong
Metal-Support Interactions” (Zhang et al., 2016; Tauster, 1978; Tauster et al., 1978, 1981; Tauster, 1987; Haller and Resasco, 1989;
Liu, 2011; van Deelen et al., 2019). Partial embedding of the particles may be quite common particularly with heterogeneous
catalysts, and to date does not have any simple model although shapes can be predicted by numerical minimization of the total
energy. Note that these shapes have also been observed in more complex cases where the mathematics is the same, for instance for
nanoparticle superlattices (Lewis et al., 2020).



Fig. 9 Schematic of the variation in shape of a nanoparticle with a [100] epitaxy on the substrate, as a function of the interfacial free energy.
From left to right is the solid analogue of going from dewetting to wetting.

Fig. 10 Experimental images in (a) and (b) for gold on ceria supports where the sample in (b) has been used during catalytic testing. Due to reduction of
the ceria the interface and Winterbottom shape changes. Shown in (c) is an example for gold on magnesium oxide where the interface is not flat.
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Modified Wulff Construction for MTPs

Instead of a boundary to an external support, there can be internal boundaries, most frequently twin boundaries. The general
approach is to find the minimum energy shape for each single crystal subunits including the twin boundaries, and then assemble
the composite particle from these units, see Fig. 11. Similar to the Winterbottom construction we associate an additional free
energy gT with each twin boundary, but different from it we partition this energy to the two sides and generate a variant of the
Wulff construction for each single crystal subunit. Finally the subunits are assembled to create the full twinned nanoparticle. This
approach was called the “modified Wulff construction” (Marks, 1983a, 1984) Each individual single crystal subunit will be convex,
but the overall composite particle does not have to be.

In a set notation the modified Wulff construction can be written as the superset of Wulff shapes Sm for all the individual single-
crystal subunits where

Sm ¼ x : x� omð Þ:n̂rlmgm n̂ð Þfor all unit vectors n̂ ð15Þ
where the Om are the origins for each single-crystal unit, gm n̂ð Þ the surface free-energy appropriately oriented in space which
includes a “twin facet” energy for each segment “m” adjacent to a segment “n” of amngt , with the additional conditions

Stmn ¼ Stnm and amn þ anm ¼ 1 ð16Þ

with Stmn is the bounding twin surface of segment “m” where it joins to segment “n”.
The simplest case is with amn ¼ 1/2 and all lm the same, a symmetric solution. One twin plane gives a singly twinned particle,

while a sequence of parallel twin boundaries gives lamellar-twinned particles or LTPs, first observed for nanomaterials in the inert
gas evaporation literature (Kimoto and Nishida, 1967; Yatsuya et al., 1973; Kasukabe et al., 1974; Ohno et al., 1976; Granqvist,
1976; Hayashi et al., 1977; Dmitrieva et al., 2007) although they occur for many bulk crystals (e.g., the drawings in Goldschmidt’s
Atlas (Goldschmidt, 1913a,b, 1916, 1918a,b, 1920, 1922a,b)). Fig. 12 shows the three-dimensional shape of the a single-twin LTP
from the construction (Marks, 1983a) together with experimental results based upon an electron tomography experiment pro-
jected in three directions (Gontard et al., 2009) Five segments each bounded by two non-parallel planes gives a Dh (see Figs. 11
and 13, the later from (Mariscal et al., 2012; Yacaman, 2012; Ji et al., 2014)), slightly different forms depending upon the surface
free energies; twenty segments bounded by three non-parallel boundaries, an Ic (see Fig. 14 from (Mariscal et al., 2012; Yacaman,
2012; Hubert et al., 1998)) with again a number of variants depending upon which facets have the lowest surface free energy.

From the properties of the Wulff construction, for specified values of amn and lm this is the global minimum total surface energy
shape. With respect to variation in amn and lm it may be a local minimum in order to satisfy Stmn ¼ Stnm or alternatively a saddle point.
Numerical calculations for a Dh yield a minimum for only {111} and {100} faceting (Dundurs et al., 1988) although it is a saddle-
point for an isotropic surface free energy (Marks, 1983a, 1984). There is to date no analytical theory describing what values of the
surface-free energy anisotropy the construction leads to minima versus a saddle points, a topic that merits further attention. Asymmetric



Fig. 11 Illustration of the modified Wulff construction. For the three-dimensional Wulff shape shown on the left in (a) the region between two
twin planes (red) is extracted. Five of these joined at the twin boundaries leads to the Dh shape shown on the right in (b), with the re-entrant
{111} surfaces in yellow. In both diagrams {100} faces are green.

Fig. 12 Shape of an LTP on the left with one twin boundary for only {111} and {100} facets, the later green with experimental results based on a
three-dimensional tomographic analysis projected onto three directions, in (b)-(d) which are is good agreement with the theoretical prediction.
Parts (b)-(d) reprinted with permission from Gontard, L.C., Dunin-Borkowski, R.E., Gass, M.H., Bleloch, A.L., Ozkaya, D., 2009. Three-dimensional
shapes and structures of lamellar-twinned fcc nanoparticles using ADF STEM. Journal of Electron Microscopy 58, 167–174. After a slight
modification, with thanks to R. Dunin-Borkowski for supplying an original.
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partitioning of the twin boundary is also possible (amn a 1/2), in which case the scaling term lm for each segment is different. This leads
to some of the asymmetric nanoparticle structures observed experimentally (Marks, 1983a) and described further below.

The most common example of the modified Wulff construction for face-centered cubic (fcc) Dh occurs when only the {111}
and {100} surfaces are low energy, yielding the shape shown in Figs. 11 and 13(a). One feature which makes this different from
most shapes is the presence of a re-entrant surface at the twin boundaries, different from single crystals which are always convex. In
their early atomistic work Cleveland and Landman coined the term “Marks Decahedron” for this, which has now become a generic
term frequently appearing without citation.

The termMarks decahedra has become common in the literature, but is only one example and the construction is general, and yields
all of the shapes in Fig. 13. If the free energy of the {100} facets is decreased such that g111/g100 4 2/√3, these notches disappear and
the particle elongates to a rod-like shape similar to that first investigated by Ino (Ino, 1966; Ino and Ogawa, 1967; Ino, 1969) (see



Fig. 13 Different cases for Dh in three columns (a)-(c) with different ratios of the {111} and {100} surface energies. Shown at the top is the
single segment, below the particle down the common [011] direction and below from the side. Experimental images are shown below. on the
lower left reproduced with permission from Ji, W.H., Qi, W.H., Tang, S.S., et al., 2014. Synthesis of marks-decahedral Pd nanoparticles in aqueous
solutions. Particle & Particle Systems Characterization 31, 851–856. In the lower middle reproduced with permission from Mariscal, M.M.,
Velazquez-Salazar, J.J., Yacaman, M.J., 2012. Growth mechanism of nanoparticles: Theoretical calculations and experimental results.
Crystengcomm 14, 544–549. and on the lower right from Yacaman, M.J., 2012. Private Communication.
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Fig. 13(b)). This is a constrained thermodynamic structure, not a global minimum. If instead the {100} energy is increased and is much
larger than the {111} energy (g111/g100 oo1), the {100} faces no longer appear in the minimal energy shape, and the result is a star
decahedron (Fig. 13(c)), similar to those found in several cases (Lim et al., 2009a). This is a plausible global thermodynamic structure.
Addition of {110} facets will lead to more rounded structures, as will inclusion of other higher-index surface facets if these are of low
enough surface free energy although these are always higher in energy than single crystals. Sadly the generalization of the modified-
Wulff construction is rarely used, and often these are considered as different cases when in fact they are not.

For the icosahedral particles the possibilities are more limited. If {111} surfaces dominate one has the conventional
icosahedron as shown in Fig. 14(a). There will be marginal stability if {110} surfaces dominate which yields a regular dode-
cahedron as shown in Fig. 14(b), and there can be intermediate cases as also shown in Fig. 14(c). Similar to the Dh, these are not
different nanoparticles, they are all understandable and are solely due to slight differences in the surface energies or growth
kinetics.

With clean surfaces the twin-boundary energy is small compared to the surface free-energies and can be neglected to first order,
in which case the origins Om are common. This approximation is accurate to second-order in the energy (Marks, 1983a, 1984) and
the difference in the shape will be below experimental error for vacuum or inert gas evaporation experiments. For solvent-based
growth the surface free energies may be substantially lower and this leads to re-entrant surfaces at the disclination line for both Dh
and Ic, as sometimes observed experimentally (Yacaman, 2012) and outlined in previous publications (Marks, 1983a, 1984); for
experimental examples see Fig. 13(c) and 14(d).



Fig. 14 SEM images, in (a)-(c) and d) in B6O, showing different types of Ic, a regular icosahedron with {111} facets in a), a dodecahedron with
{110} in b) and a combination of {111} and {110} in c). In d) the re-entrant surfaces at the twins are evident, indicating that the twin boundary
energy is relatively large. Figures reproduced with permission from (a)-(b) Yacaman, M.J., 2012. Private Communication. (c) Mariscal, M.M.,
Velazquez-Salazar, J.J., Yacaman, M.J., 2012. Growth mechanism of nanoparticles: Theoretical calculations and experimental results.
Crystengcomm 14, 544–549. (d) Hubert, H., Devouard, B., Garvie, L.A.J., et al., 1998. Icosahedral packing of B-12 icosahedra in boron suboxide
(B6O). Nature 391, 376–378.
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To illustrate the magnitude of the variations, values of eW for a few different particles with only {111} and {100} facets are given
in Table 1 (Marks, 1980; Marks, 1983a; Marks, 1984) with the term b parameterizing the relative surface free energies given by

b¼ 1� g100=
ffiffiffi
3

p
g111 ð17Þ

For clean fcc metals the surface free energy of {100} is larger than that of {111}, so based just upon the surface energies, the Ic
is lowest followed by the Marks decahedron then single crystals. The difference between single crystals and LTPs is so small that
they can coexist and it is unlikely that LTPs will transform to the (lower energy) single crystals in finite time. Some other shapes
such as a Dh with just a single (100) truncation (Ino Dh) as well as a pentagonal bipyramid with only {111} facets ((111) only
Dh) are included in the table – these are always energetically unfavorable for typical values of the {100} and {111} surface free
energies. If the {100} surface energy is low a rod-shaped Dh will be a constrained thermodynamic shape, never a global
minimum.

A few more complex shapes are included in the table with are sometimes observed experimentally. One set of structures included are
asymmetric particles as illustrated in Fig. 15; the portioning of the twin boundary energy does not have to be equal. Asymmetric Dh have
been known for more than fifty years dating back to at least the early work of Yagi (Yagi et al., 1975) the work by the author in the first
modified-Wulff paper (Marks, 1983a) they play an important role in quasi-melting (Dundurs et al., 1988; Marks et al., 1986; Ajayan and
Marks, 1988; Ajayan and Marks, 1989b) have been analyzed many times (Uppenbrink et al., 1992; Walsh et al., 2015) up to more recent
work such as analysis of disclination migration (Song et al., 2019). Unfortunately the eye is drawn more to the symmetric variants, so they
probably are much more common that they have been reported to date. They have intermediate surface energies, as shown in Table 1.

There are also many more complex particles which were originally termed polyparticles. Assuming a constraint that the twin
boundaries cannot be eliminated there are many more ways to assemble structures which are local minima, not necessarily global
minima. One of these is a Bi-Ic where five segments are shared between two Ic, see Fig. 16. These more complex particles were first
described by Komoda (Komoda, 1968) and then analyzed in some detail by Smith and Marks (1981) They can be described as
larger scale analogs of the polytetrahedral structures first considered by Hoare and Pal (1972,1971,1975). They have been
rediscovered in the literature many times.

We can generalize for when Ic and Dh are lower in surface energy than single crystals. From solid geometry the total surface energy
can be written, (ignoring the twin boundary contribution) in terms of the parameter eW as:

eW ¼ 9
g111

=N1S1 þN2S2g
� �1=3

ð18Þ



Table 1 Values of eW for a few different particles with only {111} and {100}
facets in terms of the parameterization of the {100} and {111} surface energies

Particle b ¼ 1/3 b ¼ 5{12

(111) Tetrahedron 7.206 7.206
(111) Octahedron 5.719 5.719
(100) Cube 6.928 6.062
Single Crystal 5.499 5.271
LTP with m twins m ¼ 1 5.500 5.272

m ¼ 2 5.500 5.273
m ¼ 3 5.501 5.274
m ¼ 4 5.502 5.275

Marks Dh 5.436 5.243
Ino Dh 5.593 5.281
(111) only Dh 6.192 6.192
Ic 4.899 4.899
Bi-Ic 5.051 5.051
Asymmetric Twin N/A 5.272
Asymmetric Dh N/A 5.256

Fig. 15 Asymmetric solutions, on the left in (a) for an LTP and on the right in (b) for a Dh. Asymmetric solutions are common, but the eye is
drawn to symmetry.

Fig. 16 Old HREM images of a bi-icosahedron on the left in (a), with a model of the structure showing the shared decahedral unit in blue on the
right in (b).
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Fig. 17 Stereographic triangle split into the two regions R1 and R2. MTPs have more of region R1.
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where S1 and S2 are the integrated surface free energies of the two regions R1 and R2 of the stereographic triangle in Fig. 17, and N1

and N2 the numbers of each of these regions in the different types of particles. For a single crystal and LTPs N1 ¼ N2 ¼ 48; for a Dh
N1 ¼ 60, N2 ¼ 40 and for an Ic N1 ¼ 120, N2 ¼ 0. So long as the average surface energy of region 1 is less than that of region 2,
MTPs will have lower total surface energies. That MTPs are only stable when the {111} surface energy is small is an urban myth – this
is a sufficient but not necessary condition. For instance, if only {110} faces are present the values of eW are almost the same for a
single crystal (rhombic dodecahedron) and icosahedron (dodecahedron) at 5.345 and 5.312 respectively times the ratio g110=g111.

While the modified Wulff construction has proved to be successful in rationalizing some observations, most notably for the Dh
with re-entrant surface in the thermodynamically lowest-energy shape, it does not explain everything. The simplest shortcoming is
a pentagonal biprism with only {111} facet, described in the original papers on MTPs (Ino, 1966; Ino and Ogawa, 1967; Ino,
1969). Other shapes cannot be explained, such as sharp bipyramids, which have been synthesized using various protocols
(Wiley et al., 2006; McEachran and Kitaev, 2008; Zhang et al., 2009) as well as truncated bitetrahedra, triangular platelets, and Dh
rods, see for instance Fig. 2. In many papers these have been loosely attributed to “kinetics”; I will return to this.

For reference, the software packages, Crystal Creator (Boukouvala and Ringe, 2019) at see https://www.on.msm.cam.ac.uk/code.
html and WulffPack (Rahm and Erhart, 2020) at see https://wulffpack.materialsmodeling.org/ can be used for these as well as for
single crystals and (in WulffPack) Winterbottom constructions; see Boukouvala et al for a recent overview (Boukouvala et al., 2021).
Other Variants

While the Wulff, Winterbottom and modified-Wulff are the three most common cases, there are others which will be briefly
described in this section.

Alloy nanoparticles and segregation
The addition of a second element makes the structures of bimetallic nanoparticles more complex than their monometallic coun-
terparts. The two elements can be phase separated as in core-shell structures, (Serpell et al., 2011; Chen et al., 2011; Lu et al., 2014;
Ellaby et al., 2020; Eom et al., 2021) chemically ordered (Stappert et al., 2003; Wang et al., 2013; Li et al., 2014a) have Janus (Langlois
et al., 2012; Song et al., 2012) structures, or the two species can be randomly mixed with complex segregation (Herzing et al., 2008;
Chen et al., 2007; Cui et al., 2013; Nelli and Ferrando, 2019; Deng et al., 2019) For large sizes segregation of one species to the surface
to reduce the surface free energy is straightforward, and has been extensively studied for flat surfaces. However, in a nanoparticle there
is an additional contribution as removing atoms from the bulk to the surface changes the total energy contribution of the bulk. This
cannot be ignored, especially when the number of bulk and surface atoms are comparable. This is also a constraint upon the
composition, an additional Lagrangian variable in the formulation for the minimum energy of the nanoparticle.

This leads to a slightly different form of the solution, namely

g n;CS
1 ;C

V
1 ;C

S
2 ;C

V
2 ;…ð Þ

L� ΔGf g ¼ h nð Þ ð19Þ

Where an additional term has been introduced to account for the bulk dealloying terms. This form is described in more detail in
(Ringe et al., 2011) and leads to a size dependence of both the segregation and the shape, see Fig. 18 where the ratio of the
distances to {111} and {100} facets is plotted as a function of the overall gold concentration for three different particle sizes.
While there is relatively little experimental and computational data as yet, overall it appears to be quite consistent with the
predictions of this model (Peng et al., 2015)

It worth mentioning that the entropy of mixing plays a role in bimetallic/alloy systems – the free energy has contributions from both
enthalpy and entropy. At low temperature, the contribution from entropy of mixing is minimal, so the enthalpy term dominates.
However at high temperature, the entropy of mixing will dominate and will drive the particle towards homogeneity. Therefore, surface

https://www.on.msm.cam.ac.uk/code.html
https://www.on.msm.cam.ac.uk/code.html
https://wulffpack.materialsmodeling.org/


Fig. 18 Variation in the relative distance to a {111} versus a {100} facet for CuAu alloy nanoparticles, as a function of their size as well as with
different approximations for the surface segregation. In region 1 there is not enough gold for full segregation to the surface, in 3 there is more
than enough and in region 2 surface segregation and bulk desegregation compete.
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segregation is temperature dependent and is more significant at lower temperature. One caveat is that experimental results often
represent quenched structures and surface ligands are known to have effects on surface segregation (Suntivich et al., 2013).

Polycrystalline particles on a substrate
An important case is polycrystalline particles on a substrate, where the isolated particles can be handled by variants of the modified
Wulff construction, but how the substrate adheres needs an extension. For these cases one cannot describe the interface by a single
energy terms as in the Winterbottom construction, but it can be described (Mansley and Marks, 2020) by introducing an effective
interface free energy given by an integral of the different interfaces divided by the total interface area, that is

gEffInt ¼
Z
Int
gIntdS=

Z
Int
dS ð20Þ

This is then included in modified-Wulff constructions where for all segments this effective interface term is included. This
requires a simultaneous numerical solution for the interface term so is a little more complex. An example is shown in Fig. 19 for a
Dh on a substrate; it can be generalized for other cases without complications.

The effect of size dependent strain
When the size of the nanoparticles is small the additional terms neglected earlier have to be included, which will lead to deviations
from the Wulff construction (e.g., Marks, 1985). Exactly where this takes place has been debated for many years, and probably
depends upon the material and the calculation method. As a caveat, in some cases the rigorous Gibbs equimolar partitioning of
the nanoparticle has not been performed outside the surface, and this is needed to properly achieve the transition from atomistic
to continuum models (Cleveland and Landman, 1991; Hamilton, 2006) so the magnitude of the deviations may be exaggerated.

One example of a size effect is the lattice contraction of small particles driven by the surface stress. Assuming a homogeneous
strain and an isotropic surface stress (a good approximation for a cubic material), there is a fractional change in lattice parameter Δa

a
for a spherical particle given by

Δa
a

¼ � 4gK
3R

ð21Þ

where K is the compressibility and R is the radius. This has been analyzed in the literature (e.g., Finch and Fordham, 1936; Boswell,
1951; Berry, 1952; Cimino et al., 1966; Vermaak et al., 1968; Mays et al., 1968; Wasserma and Vermaak, 1970; Wasserman and
Vermaak, 1972; Khanna et al., 1983; Solliard and Flueli, 1985; Borel and Chatelain, 1985; Scamarcio et al., 1992; Cammarata and
Sieradzki, 1994; Lamber et al., 1995; Reimann and Wurschum, 1997; Jiang et al., 2001; Qi et al., 2002; Li et al., 2004; Shreiber and
Jesser, 2006; Ahmad and Bhattacharya, 2009; Diehm et al., 2012; Oehl et al., 2015), and is typically a few percent for particles of
5 nm radius and normally (but not always) a contraction. Shown in Fig. 20 is data for Ag3Sn which shows a contraction (Oehl
et al., 2015) whereas anatase TiO2 shows an expansion (Ahmad and Bhattacharya, 2009)

A second case is epitaxial nanoparticles on a substrate. For the growth of semiconductors at a slightly larger scale (typically
50–500 nm particles) the literature is large and there is generally good agreement between models where the elastic deformation of
the nanoparticles, the surface stresses and the misfit stresses at the interface are all included; see for instance (Ross et al., 1998; Muller
and Saul, 2004; Spencer et al., 1991; Spencer et al., 1993; Tersoff and Tromp, 1993; Guyer and Voorhees, 1995; Spencer and Tersoff,
1997; Medeiros-Ribeiro et al., 1998; Daruka et al., 1999; Shchukin and Bimberg, 1999; Spencer, 1999; Li et al., 2000; Cristini and
Lowengrub, 2002; Aqua et al., 2013; Feng et al., 2015) and references therein. The thermodynamic minimum energy shape minimizes
not only the external surface energy but also the interface strain energy so will deviate from the Winterbottom shape (Muller and



Fig. 19 Modified Wulff construction including an interface for a Dh. The structure involves two segments I which are standard modified Wulff,
and three total segments II and III where the effective interface is included.

Fig. 20 Variation in lattice parameter with size, in (a) showing the relative decrease in lattice parameter at small size in Ag3Sn. reproduced with
permission from Oehl et al., 2015 copyright (2015) American Chemical Society (sign reversed compared to common usage) and in (b) for anatase
TiO2 showing an expansion, reproduced with permission from Ahmad, M.I., Bhattacharya S.S., 2009. Size effect on the lattice parameters of
nanocrystalline anatase, Applied Physics Letters 95, 191906.
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Kern, 1998; Muller and Kern, 2000; Lazzari and Jupille, 2012) and it may also be important to include line energy terms for the
vacuum/substrate/nanoparticle three-phase interface (e.g., Sivaramakrishnan et al., 2010; Bettge et al., 2011; Cosandey, 2013). An
example of this is shown in Fig. 21 (Sivaramakrishnan et al., 2010) where the results indicate a size-dependent Wulff shape.
Kinetic Shapes

The various Wulff constructions yield the equilibrium shape. However many experimental nanoparticles are synthesized and
examined or used before they reach equilibrium. In these cases the shape is a consequence of kinetic growth. While there are
similarities, and the two are frequently confused, they are fundamentally different. The fact that kinetics matter for solution growth
has been known for a long time, for instance in the early work of Berg (1938) and the detailed review and analysis of different
terms by Bircumshaw (Bircumshaw and Riddiford, 1952) both of which cite even earlier literature. There is also an extensive early



Fig. 21 Plot of the height versus width for gold nanoparticles on rutile TiO2 (110). For a Wulff shape the intercept should go through the origin,
but it does not. Reproduced with permission from Sivaramakrishnan, S., Wen, J.G., Scarpelli, M.E., Pierce, B.J., Zuo, J.M., 2010. Equilibrium
shapes and triple line energy of epitaxial gold nanocrystals supported on TiO2(110). Physical Review B 82, 195421.
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literature for flat crystal growth, for instance the work of Volmer (1939) and Burton et al. (1951) The kinetic models in the
following sections are excellent for predicting nanoparticle shapes qualitatively and in principle quantitatively, although the
necessary parameters for the later are often unknown.

To aid in the analysis, it is useful to break down the processes taking place by considering three regions as illustrated in Fig. 22.
Far from the particle one has Region I with some concentration of the relevant materials, dictated by the environment. Around the
particle is Region II which includes atoms that interact with the growing nanoparticle, both via being chemisorbed onto the surface
and as part of complexes. Lastly there is Region III composed of terraces on the surface of the nanoparticle which grow by the
attachment of atoms from Region II. There will be a net flux of atoms from Region I - Region II - Region III.

Diffusion limited growth occurs when the controlling term is diffusion in Region I to Region II, with atoms attaching very
rapidly to Region III as they arrive. This limit typically leads to complex patterns such as snowflakes with dendritic or similar
structures; the topic has been well described in the literature and will not be discussed further here.

Interface limited growth is more important for shape-controlled nanoparticles, and is when atoms moving from Region II to
Region III is rate limiting. If the size is small enough, as atoms are added the cluster will be flexible and the atomic arrangement
can change. Above some size this will not be energetically possible, and the particle then acts as a seed for further growth. While
there may still be some changes of the internal structure, this will be the exception.

The controlling terms are the nucleation of a small monatomic terrace on an existing flat facet, and the growth of this terrace
across the facet, Region III. If nucleation is fast relative to the growth across this leads to rough surfaces. Flat surfaces occur when
the nucleation is relatively slow. Making the simple approximation of a circular single atomic high terrace of radius R and
introducing an edge energy ge per atom the total energy of the terrace can be written as

E¼ pR2ΔmNS þ 2pRgeNE ð22Þ
Where Δm is the chemical potential change per atom (negative for growth) for addition to the nanoparticle versus being in Region
II, NS is the number of atoms per unit area of the terrace and NE the number of atoms per unit length of step. This has the classic
form of a nucleation barrier whose magnitude depends upon the step energy and the chemical potential relative to the external
media. From classical nucleation theory the rate of formation of a terrace above the critical size RC is given by

Rate¼ f0exp
�ΔE
kBT

� �
ð23Þ

where f0 is the attempt frequency of an atom to add to the terrace and ΔE is the nucleation barrier which gives a critical nucleus
size for a two-dimensional terrace of

R¼�geNE=ΔmNS ð24Þ
and an activation energy barrier of



Fig. 22 Schematic of the relevant regions for kinetic growth. Region III contains a nucleating terrace, Region II atoms that can diffuse to the
terrace and Region I external atoms. Atoms are represented by cubes which are color coded by region, with the substrate yellow, and ligands near
the surface are illustrated.
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ΔE¼ � pðNEgeÞ2=NSΔmB � pðgeÞ2=Δm ð25Þ
As an estimate, using a broken bond model and taking the bulk cohesive energy as 4 eV per atom, for a {111} surface

geB2=3eV. For gas phase deposition the chemical potential of an adatom will be around (in eV)

Dm¼ � 3þ kBTln½c� ð26Þ
with [c] the concentration of atoms in Region II that can add to the terrace. If the deposition rate is fast then the critical nucleus
may be only 2–3 atoms, in which case there can be multiple terraces on any given facet and the growth will tend to lead to
relatively rough surfaces. With slow deposition the concentration in Region II will be small, via the concentration, and the critical
nucleus could be 1 nm in radius, in which case it is unlikely that multiple terraces will be present on any surface and the growth
will be layer by layer.

The transition between rough growth and flat growth will often occur during a synthesis from solution as the active chemicals
deplete. An example of this is shown in Fig. 23 for hydrothermal growth of KTaO3 (Ly et al., 2018) Changes of the chemical
potential by chemisorption also have a significant effect on the competition between the nucleation of new terraces and the growth
of existing ones (Ly et al., 2020a; Ly et al., 2020b).

For solution growth, the concentration in Region I is relatively high, typical solutions are in the mM regime. The concentration
in Region II will depend upon surfactants as well as other factors such as chelation of neutral metal species. In quasi steady-state,
the chemical potential change driving force of the metal in solution, Region I (which will be the same as that in Region II) will be
small because only weak reductants such as citric acid are used. Note that for many solvent syntheses of nanoparticles the typical
size of three-dimensional nuclei in the initial stage of the reaction is 1–2 nm (e.g., results from in-situ scattering experiments and
kinetic modeling (Thanh et al., 2014; Kumar et al., 2007; Rodriguez-Gonzalez et al., 2007; Soni et al., 2007; Finney and Finke,
2008; Harada and Katagiri, 2010; Polte et al., 2010a; Polte et al., 2010b; Yao et al., 2010; Harada et al., 2011; Hudgens et al., 2011;
Harada and Kamigaito, 2012; Ojea-Jimenez and Campanera, 2012; Streszewski et al., 2012; Wojnicki et al., 2012; Wuithschick
et al., 2013; Perala and Kumar, 2014; Wuithschick et al., 2015); it is straightforward to show that this has to be about the same size
as that of the critical radius for a terrace. For completeness, as the reaction proceeds the concentration of the metal in solution
drops so the chemical potential driving force will become even smaller.

Once nucleated, this layer will grow laterally with a rate which will also be influenced by the concentration in Region II. The net
result is a velocity for the growth of any given facet ni which is essentially independent of the particle size (except, perhaps, for very
large particles). Fast growing facets will not appear in the final shape, only the slowest growing ones will be present.

This leads to a steady-state solution for a single crystal as the shape SK given by:

SK ¼ x : x:n̂rl tð Þv n̂ð Þ for all unit vectors n̂f g ð27Þ
i.e., the shape corresponds to the inner envelope of planes normal to

hiðtÞ ¼ lðtÞvi ð28Þ
This is the “kinetic Wulff construction”, and is confusingly similar to the Wulff shape with the difference that growth velocities

(v) rather than the surface free-energies (g) determine the shape.
Every different thermodynamic Wulff construction mentioned in the previous section has a corresponding kinetic Wulff shape.

However, before proceeding further one other term needs to be included.
Kinetic Enhancement at Certain Sites

Many particles contain twins and the thermodynamic shape has re-entrant surfaces. This leads to an important additional term
with enhanced growth at the twin, a well-established effect (e.g., Hamilton and Seidensticker, 1960; Wagner, 1960; Marks and



Fig. 23 On the left, secondary electron images of KTaO3 nanoparticles at different growth times showing how the rough surface at 1 hr. changes
to smooth surfaces after 1.75 hr. On the right is a plot of the terrace nucleation rate (NR) and annihilation rate (AR) versus chemical potential
which leads to regions in yellow where terracing dominates and the surfaces are rough, versus smooth surfaces.
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Howie, 1979; vandeWaal, 1996; Kirkland et al., 1993; Lofton and Sigmund, 2005). From density functional calculations it is
easy to show that the edge energy for a line of atoms at a twin is essentially zero (Alpay et al., 2015) Reformulating the
nucleation problem of Eq. (19) for a semicircle similar to Gamalski et al (Gamalski et al., 2014) yields

E¼ 1
2
pR2ΔmNS þ pRgeNE ð29Þ

which has the same critical radius and half the nucleation barrier. This leads to an effective enhancement factor for the growth of
facets which are re-entrant in the thermodynamic shape, so in general they will not appear. The importance of twins in the
growth of shape controlled nanoparticles was discussed in some depth by Lofton and Sigmung (Lofton and Sigmund, 2005)
although it appears that they were unaware of some of the earlier work on the thermodynamic shapes and the disclination
strain field.

For the specific case of MTPs, there is also a disclination along the five-fold axis. It is well established that there can be faster
growth at a screw dislocation; it is possible that the same occurs at the disclination. An alternative has recently been suggested by
Qi et al. (2019) namely that the reentrant surfaces at the twin boundary can enhance one-dimensional surface diffusion
encouraging the formation of rods.

Every thermodynamic variant of the Wulff construction discussed earlier has a kinetic equivalent, including those for
twinned particles. Both the thermodynamic and kinetic Wulff shapes as well as the Winterbottom kinetic form have been
extensively studied in the literature for single crystals, e.g., (Winn and Doherty, 2000; Taylor, 1992; Cahn and Hoffman,
1974; Hoffman and Cahn, 1972; Herring, 1951; Coriell and Sekerka, 1976; Cahn and Taylor, 1984; Villain, 1991; Taylor
et al., 1992; Almgren et al., 1993; Cahn and Taylor, 1994; Carter et al., 1995; Cahn and Carter, 1996; Ambrosio and Soner,
1996; Uehara and Sekerka, 2003; Sekerka, 2005; Du et al., 2005a; Sun et al., 2008; Sun et al., 2011; Leung et al., 2012) In
some cases software is available to calculate these shapes, for instance for an isolated nanoparticle or with a support
(Zucker et al., 2012) Combining the kinetic enhancement with the modified Wulff construction for twins (Buhler and Prior,
2000; Ringe et al., 2013) leads to a large family of shapes as a function of where the growth is enhanced which are
illustrated for just {111} and {100} facets in Fig. 24 for an LTP with one twin boundary. In Fig. 24(a) just twin
enhancement will lead to hexagonal platelets; in (b) growth at the re-entrant surface triangular bipyramids and in (c) faster
growth at both triangular platelets. Additional shapes are the regular icosahedron as well as the pentagonal bipyramid.
While the icosahedron is also the thermodynamically stable shape, as first pointed out by Ino almost fifty years ago the
pentagonal bipyramid is not. One of the major successes of this model is that it can correctly predict the formation of these
commonly observed particles.

Note that the freely available software packages, Crystal Creator (Boukouvala and Ringe, 2019) at https://www.on.msm.cam.ac.
uk/code.html can be used for these.

Similar to the thermodynamic constructions, these kinetic solutions are completely general. The growth rate of different
types of particles will be determined by the relative growth rate of surfaces in the different angular regions of the ste-
reographic triangle. A population of nanoparticles may be dominated by those which grow fastest, rather than by any
thermodynamics. There is nothing that says that one type of particle should suddenly stop growing while others do – this
would require exchange of atoms between the particles. The only way a particle is likely to change shape is if there is an
injection of sufficient energy by some means such as heating or coalescence to provide the activation energy for a trans-
formation. Without this very large MTPs are possible, and occur in practice well beyond any size when they are lower in
energy than single crystals.

https://www.on.msm.cam.ac.uk/code.html
https://www.on.msm.cam.ac.uk/code.html


Fig. 24 Kinetic shapes for an LTP. In (a) with just enhanced growth at the twin producing hexagonal platelets, in (b) with faster growth at the re-entrant
surface truncated triangular bipyramids and in (c) with both triangular platelets. In all cases on the left is a side view, on the right a view down [111].
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Other Cases: Corner Rounding

As mentioned earlier, the chemical potential can be nominally singular at edges and corners. Experimental measurements indicate
that corners are not necessarily sharp, and can be rounded with a local radius of curvature which is independent of the size of the
nanoparticles except at very small sizes (Alpay et al., 2015) see Fig. 25 as well as many of the other figures in this review and the
literature. This size independence was originally unexpected, but is an important clue as to the source. For very sharp corners the
local chemical potential would be greater than that of the atoms in the solution used to grow the nanoparticles, so they cannot
occur. In theoretical models sometimes regularization is used to avoid this (Mastroberardino and Spencer, 2010) Going further, at
very small sizes it will not be possible to nucleate a new ledge on a small facet as there is insufficient area. Instead a steady-state
solution will only be possible for a shape which already has steps where atoms can add, i.e., a locally rounded corner or edge with
a radius of curvature which is about the same as that of a three-dimensional critical nucleus. Towards the end of an aqueous
synthesis the critical radius for a terrace and a three-dimensional nucleus will be somewhat large, hence the rounding can be quite
large as shown in Fig. 25. Recent theoretical work by Qi et al agree with this interpretation (Qi et al., 2019) and the local chemical
potential can experimentally lead to segregation (Peng et al., 2016) Corner rounding is general and almost certainly should not be
dismissed.
Strain in MTPs

As illustrated in Fig. 26, MTPs are not space filling but have a two-dimensional angular gap for the Dh and ten of these for the Ic.
They have to be deformed by B2% for the Dh and B6% for the Ic to form space-filling structures. In the original paper by Ino it
was proposed that this was an inhomogeneous strain although for simplicity a simple homogeneous strain was used in the first
energy calculations (Ino, 1969) Apparently unaware of this work, de Wit pointed out that the Dh was an example of a disclination
(DeWit, 1972) He assumed that the Dh was cylindrical, then described the deformation in cylindrical polar co-ordinates r;f; z
using a rotation oz rð Þ and a radial normal strain err rð Þ. This leads to the displacements

ur rð Þ ¼ 1� 2u
2ð1� nÞ

� �
ϵDrln r=Rð Þ � ϵDr=2 ð30Þ

ufðrÞ ¼ rϵD ð31Þ
and a cubic dilatation, the local volume change of

D rð Þ ¼ 1� 2u
2ð1� nÞ

� �
ϵD 2ln r=Rð Þ þ 1ð Þ ð32Þ

with stresses

srr ¼ 2GϵDln r=Rð Þ ð33Þ

sff ¼ GϵD
ð1� nÞ ln r=Rð Þ þ 1½ � ð34Þ

and G the shear modulus, R the particle radius and n Poisson’s ratio. At the outermost surface there is an expansion (D rð Þ40Þ, in
the center a compression with no overall change in the volume. Compared to a homogeneous strain approach, the energy to close
the angular gaps is about a factor of two smaller.

The same approach was extended to three dimensions by Yoffe (described in (Howie and Marks, 1984)) for an Ic. More
complex analytical solutions have also been given by the group of Romanov and co-workers (Gryaznov et al., 1999; Gryaznov
et al., 1991; Romanov, 2002; Romanov, 2003; Polonsky et al., 2006; Romanov and Kolesnikova, 2009; Kolesnikova and Romanov,



Fig. 25 Top row, Dh with rounded corners and bottom, truncated row bipyramids. In all cases the scale bars are 50 nm. The radius of curvature
is approximately independent of the nanoparticle size. Other images in this manuscripts and the literature also show rounding.

Fig. 26 Illustration of the angular gaps in a Dh (a) and an Ic(b), adapted from the original work of Ino and Ogawa. Reproduced with permission
from Ino, S., Ogawa, S., 1967. Multiply twinned particles at earlier stages of gold film formation on alkalihalide crystals. Journal of the Physical
Society of Japan 22, 1365–1374. Copyright (1967).
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2010; Dorogin et al., 2010a; Dorogin et al., 2010b; Gutkin, 2011; Romanov et al., 2012; Vikarchuk et al., 2020) including recent
gradient elasticity approaches (Tsagrakis et al., 2018) and numerical solutions using finite element methods have also appeared
(Johnson et al., 2008; Patala et al., 2013a; Patala et al., 2013b) as well as comparable inhomogeneous strains in larger scale
molecular dynamics calculations The same general conclusions apply to the Ic which can be considered as a number of dis-
clinations, one for each five-fold axis, leading to a total strain energy which is about twenty times that of the Dh.



Fig. 27 In (a) and (c) the Von Mises stresses and in (b) and (d) the strain energy density. In (a) and (b) with a pentagonal bipyramid is used, in (c) and
(d) the thermodynamic shape. Regions of high stress and strain energy density are indicated, and change with the three-dimensional shape of the particles.
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An example of numerical results for the stresses (Patala et al., 2013a) is shown in Fig. 27, with more accurate models for the
external shape. The figure shows both the Von Mises stress, an indicator of how likely it is for dislocations to form as well as the
strain energy density for a sharp Dh and one with {111} notches, with regions where these are large indicated. For the sharper Dh
there are higher stress and energy densities in the center of the segments whereas they are both much closer to constant when
notches are introduced as this leads to a shape closer to a circle in projection and the de Wit disclination result. For the Ic with the
simplest perfect icosahedron shape there are also noticeable local variations with stress concentration in the center of the segments
as shown in Fig. 28.

A number of recent papers have explored measuring the strains for the Dh using high-resolution electron microscope images
(e.g., Johnson et al., 2008; Walsh et al., 2012; Pohl et al., 2014; Ji et al., 2015; Yu et al., 2017; Wu et al., 2021) It is possible that there
could be some accommodation of the strain at the twin boundaries. In some recent experimental work (Johnson et al., 2008) there
was evidence that the net rotational component of the strain field did not add up to the required 7.35 degrees, but was
substantially less. Other measurements with a Marks decahedron gave different results (Ji et al., 2015) with the rotation larger than
expected. Confusing this, all experiments to date are two-dimensional averages along the beam direction and as such will not give



Fig. 28 Plot of the Von Mises stresses at the surface of an Ic.
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a complete description; they have also ignored potential complications due to dynamical diffraction which is dangerous to do.
Hopefully in the not too distant future full three-dimensional maps of the strains will be generated experimentally.
Energy Versus Size

The total energy of MTPs, as well as that of other nanoparticles can be written from earlier as

E¼ V
mB

v0
þWD

� �
þ V

2
3 g111eW þogijeij4eg
� �þO hð Þ ð35Þ

Comparing nanoparticles with the same number of atoms the bulk chemical potential cancels out, as do small terms such as
those due to changes in the lattice parameter via the surface stress. For simplicity all terms which scale linearly with the size will
also be ignored, appropriate except at very small size provided Gibbsian definitions are used. It is then simplest to plot E=V2=3 as
illustrated in Fig. 29 versus V1/3 for two different values of the surface stress. Note the large changes with the surface stress, which
has recently been indirectly detected using diamond-anvil experiments where high pressures promote the transition from MTPs to
single crystals (Parakh et al., 2020).

This energy balance yields the lowest enthalpy structures, but by itself is not a complete description of the system. For this one
needs to use a statistical mechanics approach, writing the relative fraction of each type of particle in some form for a specific
number of atoms such as

ni ¼
exp � DGi

kT

� �
P

exp � DGi
kT

� � ð36Þ

This problem has been well studied (e.g., Baletto and Ferrando, 2005; Berry et al., 1984; Berry, 1990; Uppenbrink and Wales,
1992; Ball et al., 1996; Doye et al., 1998; Wales et al., 2000; Baletto et al., 2000; Doye and Wales, 2001; Cox et al., 2006; Berry and
Smirnov, 2009; Berry and Smirnov, 2013; Cheng and Ngan, 2013; Goloven'ko et al., 2013; Wells et al., 2015; Chen et al., 2017;
Schebarchov et al., 2018; Baletto, 2019; Fichthorn and Yan, 2021), and while the specific results can vary strongly with potential
parameters (Baletto and Ferrando, 2005) the general results are quite clear. At reasonable temperatures and when the size is small
enough, there is no single shape rather a diverse population of shapes. The transitions between the different shapes can occur on
the millisecond time scale or faster. Even at larger sizes it is possible for particles to transition between one structure and another,
either as a consequence of heating, exposure to the electron beam or during growth (Yagi et al., 1975; Cheng and Ngan, 2013;
Iijima and Ichihashi, 1986; Chen et al., 1999; Buffat, 2003; Koga et al., 2004; Du et al., 2005b; Silly and Castell, 2009; van Huis
et al., 2009; Young et al., 2010; Wang and Palmer, 2012) see for instance Fig. 30 from (Young et al., 2010) for an example of a
single crystal changing to an Ic and then later to a Dh during an in-situ heating experiment. While shape transitions were mainly
observed for larger particles, increases in microscope performance has made this possible at much smaller sizes, for instance
reversable isomerization between clusters with 144 gold atoms (Takahata et al., 2020) More recent work has started to look at the
effects a statistical distribution can have, for instance, in heterogeneous catalysis (Cheula et al., 2020; Rossi et al., 2020).

Beyond some size transitions between shapes will become improbably under most experimental conditions, so one has a frozen
seed from which a larger particle will grow without changes in structure in most cases. Hence it is not uncommon to find MTPs in the
micron size range (Wei et al., 2002) or in a few cases millimeter sized – see Fig. 1. One myth should be mentioned here, namely the idea
that MTPs occur through the assembly of individual tetrahedral units. This concept was discussed early by, for instance, Gillet (1977)



Fig. 29 Plot of the free energy divided by the volume to the two-third power, versus the equivalent radius for the volume for two different values
of an isotropic surface stress (g). In all cases Ic are stable at smaller sizes, but whether the Dh have an intermediate stability range or not depends
upon the surface stress, both its magnitude and sign.

Fig. 30 Controlled heating of a 5.5 nm gold particle. (a) The original single crystalline fcc structure, near to a [110] orientation observed at room
temperature. (b) At 3001C, the particle structure transforms to an icosahedral structure, oriented near to the [112] projection. (c) Finally a
decahedral structure close to [110] is observed at 4001C. Reproduced with permission from Young, N.P., van Huis, M.A., Zandbergen, H.W., Xu,
H., Kirkland, A.I., 2010. Transformations of gold nanoparticles investigated using variable temperature high-resolution transmission electron
microscopy. Ultramicroscopy 110, 506–516.
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who pointed out that it was not reasonable and that layer-by-layer growth as discussed earlier was by far the most reasonable
explanation. While there are papers where it has been argued that the experimental evidence supports this concept of sequential
assembly of MTPs, a closer examination of all the published images indicates that they are all highly asymmetric Dh particles which
have been incorrectly interpreted. Asymmetric Dh have been known for more than fifty years dating back to at least the early work of
Yagi (Yagi et al., 1975) the work by the author in the first modified-Wulff paper (Marks, 1983a) they play an important role in quasi-
melting (Dundurs et al., 1988; Marks et al., 1986; Ajayan and Marks, 1988; Ajayan and Marks, 1989b) have been analyzed many times
(Uppenbrink et al., 1992; Walsh et al., 2015) up to more recent work such as analysis of disclination migration (Song et al., 2019).

Because the strain energy of the Ic is about twenty times that of the Dh, these particles only occur at very small sizes;
observation of them at larger sizes is common and can only be because kinetics not thermodynamics are controlling. Specific
ligands can stabilize particular structures, and precise details of the atomic structures of a number of very small clusters have been
recently determined by x-ray diffraction (e.g., Jadzinsky et al., 2007; Akola et al., 2008; Heaven et al., 2008; Lopez-Acevedo et al.,
2009; Qian et al., 2010; Zeng et al., 2013; Crasto et al., 2014a; Crasto et al., 2014b; Das et al., 2015; Dass et al., 2015; Jin, 2015; Xu
and Gao, 2015; Sakthivel et al., 2020; Higaki et al., 2019; Song et al., 2020) and electron microscopy (Takahata et al., 2020) As a
function of size and temperature there will be a phase diagram for the thermodynamically most stable shapes as originally
hypothesized by Ajayan and Marks (Ajayan and Marks, 1990) The number of theoretical calculations where aspects of this have
been studied is immense; overall the literature (Barnard et al., 2009; Ajayan and Marks, 1988; Ajayan and Marks, 1989b;
Koga et al., 2004; Silly and Castell, 2009; Young et al., 2010; Reinhard et al., 1997; Reinhard et al., 1998; Dai et al., 2002; Koga and
Sugawara, 2003; MacArthur et al., 2012; Volk et al., 2013; Niekiel et al., 2014) are consistent with this general model.

A complication is the surface stress energy term, which has a large environmental dependence and is comparable in magnitude
to the differences in the total surface free energies of different shapes. One strategy is to analyze the stability ranges and the cross-
over between the different types of MTPs and single crystals with the surface stress and surface free energies allowed to vary as a



Fig. 31 Plots of the transition radii for different values of the surface energies and also different values of the surface stress, in (a) � 0.25, in
(b) 0.50 and in (c) 1.25.
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parameter. This leads to the results shown in Fig. 31 (Patala et al., 2013b) This behavior has very elegantly been verified recently by
Parakh et al (Parakh et al., 2020) who demonstrated that compressive stresses in a diamond anvil destabilizes MTPs.
Shape and Structure Versus Growth

As a final section, it is appropriate to link the different shapes and the different classes of structure to how they will evolve during
growth. While the largest number of current papers deal with solution based growth, there are many other methods such as inert
gas evaporation (e.g., Kimoto and Nishida, 1967; Yatsuya et al., 1973; Kasukabe et al., 1974; Ohno et al., 1976; Granqvist, 1976;
Hayashi et al., 1977; Dmitrieva et al., 2007), atomic layer deposition (e.g., Keranen et al., 2002; Aaltonen et al., 2003; Knez et al.,
2007; Christensen et al., 2009; George, 2010; Enterkin et al., 2011; Ray et al., 2012; Christensen et al., 2010; Cho et al., 2012; Erkens
et al., 2013; Miikkulainen et al., 2013; Masango et al., 2014), evaporation or sputtering (e.g., Ino, 1966; Ino and Ogawa, 1967;
Allpress and Sanders, 1967; Yagi et al., 1975; Pashley and Stowell, 1963; Fukaya et al., 1978; Shah and Gavrin, 2006; Penuelas et al.,
2009; Wender et al., 2010)) and hydrothermal methods (e.g., Rabenau, 1985; Adschiri et al., 2000; Goh et al., 2002; Suchanek and
Riman, 2006; Modeshia and Walton, 2010; Zhu and Hang, 2013; Crosby et al., 2015; Ji et al., 2015; Cordeiro et al., 2013). In this
short section the intent is to look at some of the commonalities rather than a detailed literature review.



Fig. 32 Three general routes for nanoparticle shape and structure as a function of growth. Starting from a diverse population of nuclei illustrated
on the left, in (a) is shown Survival of the Fittest, i.e., the thermodynamic route from Ic - Dh - Single crystals and LTP; in (b) Survival of the
Fastest, here illustrated by rapidly growing Dh rods, and in (c) Survival of a Population where the initial nuclei all grow under kinetic control.
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The initial step will always be nucleation, often after some incubation period. The nucleation may be homogeneous, for instance
small groups of atoms in the gas phase or in a solution with ligands around them, or it can be heterogeneous at steps on a substrate,
the side walls of the container or at contaminants. Some nuclei will disperse back to single atoms, some will grow, it is a statistical
process. Depending upon the chemical potential the critical nucleus can be only two atoms or it can be 1–2 nm, as mentioned earlier.
Experimentally detecting very small nuclei is not that easy, and often they can only be inferred from forensic data. The shape and
structure of the nuclei will be system dependent, both the material as well as the external environment including any trace impurities
such as oxygen leaks in a vacuum system or impurities in chemicals used in a solution-based synthesis.

After nucleation there will be growth. Around each nanoparticle there will be a population of monomers and perhaps dimers
and trimers, on the substrate and diffusing across for deposition experiments; in the fluid phase for solution or argon-smoke based
methods. Depending upon the rate of growth as well as the temperature the structures may change during growth (or not).
Assuming that the structural transformations involve some form of vibration (phonon) the activation energy will scale as the
particle volume; if it is via migration of an internal boundary it will scale as the volume to the two-third power. In both cases, as
the size increases transformations will become slower and eventually cease to be relevant.

Depending upon conditions, the growth may involve local equilibration of the external surfaces via surface diffusion or not. In
many cases chemisorbants, both small molecules and large surfactant molecules can play a large role in either accelerating or
decelerating this. If surface diffusion is fast enough the shapes will tend to be the thermodynamic ones, either the global minima
or the constrained minima; if it is slow then the kinetic routes will dominate (Carter et al., 1995; Xia et al., 2013).

The surrounding cloud of monomers may slowly drop as the growth proceeds, for instance as chemicals are depleted in
solution growth. There will always be some equilibrium concentration, as monomers can leave the nanoparticle and return to the
surrounding medium. At high enough temperatures the concentration of these monomers can be high enough that there will be
exchange between nanoparticles, Ostwald ripening where small particles shrink and larger ones grow (e.g., Ostwald, 1900;
Greenwood, 1956; Voorhees, 1985; Voorhees, 1992; Zinke-Allmang et al., 1992; Zhang and Lagally, 1997; Brune, 1998). More
rigorously, it will be those with higher chemical potentials that shrink, either because of their internal structure or other con-
tributions such as interfacial stresses.

There can also be growth via coalescence. In a fluid there is random Brownian motion of nanoparticles whereas on a substrate
there can be net translation due to local fluctuations in the concentrations of monomers. With solution growth chemisorbed
ligands can play an important role to prevent coalescence by acting as buffers. When two particle coalesce there will be a
substantial release of energy due to reduction of exposed surfaces, which may be large enough to lead to a full restructuring. They
may rotate relative to each other to form low-angle boundaries or adopt the same orientation (e.g., Chan and Balluffi, 1985; Chan
and Balluffi, 1986; Bonevich and Marks, 1992; Yeadon et al., 1998; Cahn and Taylor, 2004; Jose-Yacaman et al., 2005; Niederberger
and Colfen, 2006; Theissmann et al., 2008), be frozen leading to polyparticles or other complex structures (Smith and Marks,
1981; Yin et al., 2014) or transform to MTPs (Yagi et al., 1975); the general process will involve neck formation and is referred to as
sintering (e.g., Nichols, 1966; Rankin and Sheldon, 1995; Shao et al., 2007; Lim et al., 2009b; Holland et al., 2010; Klinger and
Rabkin, 2010; Ingham et al., 2011; Niu et al., 2014).

Of course the kinetic shapes will eventually revert back to thermodynamic ones – as Homer Simpson knows you cannot beat
thermodynamics. This is particularly important for heterogeneous catalysis where catalysts used in any commercial system will
almost always contain nanoparticles with the thermodynamic structures for the particular set of conditions of gas and temperature
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used. However, this shape conversion does not have to be that fast. Just as there is an activation energy barrier to the formation of a
new terrace during growth, there is an activation energy barrier to the formation of new regions on a nanoparticle during
equilibration of the shape via surface diffusion. This has been fairly well discussed in the literature (e.g., Combe et al., 2000;
Combe and Larralde, 2000; Mullins and Rohrer, 2000; Rohrer et al., 2002; Sheldon and Rankin, 2002; Hendy et al., 2003; Thurmer
et al., 2003; Degawa and Williams, 2005; Degawa et al., 2006) and references therein).

In a very general sense the final result will tend to fall into one of three classes as illustrated in Fig. 32:
Survival of the Fittest

Thermodynamic equilibria dominate, either global or constrained local minima with the nanoparticles tending to be close to
spherical with facets and in some cases surface steps, small terraces and at higher temperatures roughened regions.
Survival of the Fastest

Kinetics dominate, those which grow fastest will tend to dominate the population and the nanoparticles will tend to have sharp
facets with rounded corners and edges, the rounding depending upon the chemical potentials during growth.
Survival of a Population

The stochastics of the evolution of the combination of different nanoparticles and different local concentrations of monomers will
dominate, and there will be many slightly asymmetric shapes including polyparticles as well as the symmetric ones.
Conclusion

Nanoparticles stretch back at least to the 4th-century Lycargus Cup, perhaps much further to nanosheets of blue pigments in Nefertiti’s
crown from about 3000 BCE. They are everywhere, sometimes intentionally, often not; sometimes safely, but not always. They are pivotal
in many existing industries, particularly heterogeneous catalysts, and may be transformative for 21st century medicine – or not.

Over the last hundred years our understanding has advanced considerably. We can now combine continuum models of shape, stress,
internal structure and chemical composition to model the shape nanoparticles take, often competitive with how well these can be
experimentally determined. This is both for thermodynamic shapes of Wulff, modified-Wulff and similar constructions, as well as the
comparable shapes when kinetic growth controls. We are not limited to simple single crystals, but can handle without problems
complicated polycrystals both in fluids or on supports, including how their shapes will change with the environment. Ab-initio methods
are now well enough advanced that most of the relevant numbers can be calculated without assumptions to quite high accuracy.

Unfortunately science is not always linear; sometimes for every five steps forward one is taken backwards, and known science is
forgotten or reinvented. As we move further into the 21st century, continuing to improve our control and synthesis of nano-
particles for enhanced properties, we must always remember to build science, not just publish papers.
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